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32.

are thrice so. The argument given by Dieudomne [1, p.263] to prove
his result (10.23) now proves that B has three continuous
derivatives, and so that g~ is thrice continuously differentiable.

Therefore, g has four continuous derivatives on :o.

(¢} Proof of (VI) : B satisfies a Lipschitz condition in V

s}
B is continuously differentiable on co % <o. Therefore, the

mean value theorem (see Lang [6, p.314]) ensures that

N I TN (IR L S S N T B

0<t=1
for each pair of points wwv %w such that %u - dmww - zwu is an
element of <o and where t satisfies 0 <1t £ 1. A<o can be

assumed to satisfy this property for we may take a small convex region

within <o and rename it as V _, if necessary.) So, if K is chosen as

o]

K = sup [[D,BCx, v+ tly? - ylD)))
0sts1

the result follows.

(d) Proof of (VII} :

By teducing co x V_ if required, the bounds for B and its first

o
two derivatives, and for g and its first three derivatives, may

be obtained using the continuity of these maps which is guaranteed

by (V).

ELIMINATION OF LINEARIZATION ERRORS WHICH ARISE IN THE

SOLUTION OF A GENERAL EQUILIBRIUM MODEL VUSING JOHANSEN'S APPROXIMATION

by

Russell J. stamuu

IMPACT Research Centre

1. Introduction

The m equations which describe a static model of an
economy involving n prices and quantities will be denoted here by
a function F which maps a subset W of R"  into %B. where W
should be thought of as the set of allowable values of prices and
quantities. In the case of the uormsmmsw type general equilibrium
models, for example, the components of F can be classified into
five groups :

(i)} Equations which describe household and other final

demands for each commodity. Households, for example,

might be assumed to behave as if they maximize a

single utility function subject to a budget constraint.

This constrained maximization problem generates house-

hold commodity demands as functions of aggregate

household expenditure and commodity prices.

(1i) Equations which describe demand by industries for
inputs, and equations which specify the supply of

commodities by each industry.

1. The author is indebted to Peter Dixon who carefully read a
previous draft of this paper and made many helpful suggestions.

. Named in recognition of the contributions made by L. Johansen [5].

N
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30.

equation may be rewritten as

fd
u

D, Fx, g(x)) + D F(x, g(x)) »Dglx)

and so

De(x) = - [D,F(x, g(x))1 7 e DoR(x, g(x)) .

This equation together with the initial condition Yy ® mﬁva comprises

an initial value problem of the type discussed in the previous sections.

PROPOSITION 3  Suppose that F : U x V>R" is four times

continuously differentiable, and suppose that F and its four

derivatives are bounded on U x V. 1f there is mxHh %Hv in

U =V such that mﬁxHu %mu =0 and cmmmxH. %Hu is invertible

then there exist connected neighbourhoods U of x, in U, V

o I — s}
of yp in V, and a function g : U -V such that :
(1) glxpd = vy
(I1) for each x in co R
F(x, g(x)) = 0;

(111} {{x, g(x}) : x ¢ cow is the set of all points (x, y)

in co x <0 with F(x, g(x)) = 0 ;

(v) for (x, y) in co x <o the map (x, y) -+ cmmmx_ %u

is invertible and

i

g7(x) B(x, g(x))

where

i

B(x, y) = - [DF(x, )17 oD F(x, y) 3

3.

hand side of (1.3) is small. Therefore, a new equilibrium solution
of the model may be approximeted by a vector Z which solves the

system of linear equations

P22 - 2) =

L]
“

(1.4)

where, it should be noted, that m\ﬁmHv is an n x m matrix.
Basically, then, Johdnsen advocated replacement of the problem of
finding zeroes of F with the easier problem of solving the linear

system of equations (1.4).

In general n >> m. That is, the number of variables (n)
distinguished by the model greatly exceeds the number of linear
equations (m) dinvolving them. So, to obtain an approximation to
a new equilibrium solution of the model n - m prices and quantities
must be pre-assigned values. This selection of n - m exogenous
variables partitions Z and NH into (X, Y) and mxH. <Hu.
respectively, where X denotes the vector of exogenous prices and
quantities and Y is used to denote the remaining m endogenous

variables. Equation (1.4) may now be re-written as
mmAxHu <vax - xHu + mmﬁxmv <HUﬁ< - <Hu = 0 (1.5)

where mmﬁxwu <Hu is the (n - m)x m matrix of partial derivatives
of F with respect to the exogenous entities, and mmﬁxuw.<mu is
the m x m matrix of partial derivatives of F with respect to the
endogenous prices and quantities. These matrices are obtained

by partitioning m\ﬁxH. <Hv into two matrices whose columns

correspond to partial derivatives of F with respect to an exogenous

entitity (for mmﬁxH. <Huv or an endogenous variable (for mmAva <Huu.
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and

28.

gl = [{1e e it <) o iz uy

< ﬁu + B :::vu+u o ®y/e

which proves then that

and any positive integer

s

e.

J

g
- 5Gm is o™y for each j=0,1,2,..

S.

.,S

reduced in models where nonlinear solution methods are
used. With Johansen's approach switching a variable
from being exogenous to endogenous, and therefore
making another which is endogenous into an exogenous
variable, is accomplished by swapping a column of

mphxm. <Hu with a column of mmﬁng <Hu.

(iii) Bven if large parts of the model are modified, only
the coefficients in m»ﬁxH« <Hu will be changed.
This i1s easily accomplished without changing programmes
already written for the solution algorithm. A preliminary
programme which computes the coefficients of m\ﬁva <Hu
given mxH~ <Hu is required, and when the model is changed
only this programme will require modification, By contrast,
a nonlinear solution method may be intimately conmected
with the model, so that modifications of the model
could lead to major revision of the solutions routines

(see DPSV {2, pp. 70-77]).

With these advantages in mind it is reasonable to ask : Is it
possible to improve the Johansen approximation using a numerical
method which preserves the basic structure of a linear model, and

which is inexpensive to run on a modern computer?

This question was answered affirmatively by DPSV
[2, section 31.4] who solved an initial value problem, of which

(1.5) is a special case, using Euler's method. The initial value
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26.°

linear differential equation,

1

DE*(t) = D,B(x;, £(x3)) (E°(t)h) - HD°g(x)h

£5(0)

]
<
.

and

PROCF
As B is thrice continuously differentiable on co X <c
the solution g of (3.4) is four times continuously differentiable

on U, and so we may apply Taylor's theorem to obtain

o’

s _ s s S .5y (2)
mﬁuw+uu = mmxuu + cmﬁxuv: + 4D mﬂx%u h
1 7 3 s (3)
+ X % (1 -1 D wﬁxq + rh)dr h ,
0

for 3j=0,1,2,...,s-1. Hence

s s
el = e
J

5 S S s
! » [pos5 o - e s

2 3
- %65 1D - RS, g n®
and as B is twice differentiable, another application of Taylor's

theorem gives

€Sh = o5+ DB, B (eDh - %NNQWV (2

m m m. mmwvc m. ﬁmu
+ wNﬁﬁxuu mﬁx@uv. ey B) e h xmﬁxwv h; g2 h .
Further, as £ satisfies (4.2) then ¢ is twice continuously

differentiable and so, we may apply Taylor's theorem once again

7.

zeroes (X, g(¥}) of F given in (1.6) (this is proved in
section 3). Such a slow rate of convergence could mean that a
large number of Euler steps may be required, at considerable cost,
to eliminate most of the linearization error. Hence some means
of hastening the rate of convergence will generally be required.
A suggestion of this type is made by DPSV [2, p.88] when they

observed that, to a high order of accuracy, their results satisfied
R(2s) - R(s) = 2{R(4s) - R(2s)} , (1.7)

where R(q) denotes the result obtained from a q-step Euler

simulation, and where DPSV set
s = 1, 2, 8, and 16.

Equation (1.7) is just Richardson's extrapolation formula (see
Isaacson and Keller [4, pp.372-3741), which is shown, in section 4,
to produce a sequence of approximations that converge quadratically

to a zero (X, g(X)) of F.

In summary, sections 3 and 4 of this paper prove that
the generalizations of Euler's method and Richardson's extrapolation
converge linearly and quadratically, respectively, to zeroces of F
if the functions g and G of (1.6) satisfy certain smoothness and
boundedness conditions near mxHu <Hu‘ But the important practical
question is : What properties must the equations of the.model (that is, the
function F) possess.to-ensure that use of Euler's method and Richardson's:

extrapolation rule will produce a sequence of approximations which converge
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4. Richardson's Extrapolation Rule

For the initial value problem (3.4) defined on U g™

we now show how a sequence of estimates rm may be generated from the

J
Euler estimates CM of mﬁwa which converge quadratically to

mmxwu. This is done using Richardson's extrapolation rule which

depends, for its successful improvement of the convergence rate, on

the assumption that the error mw = cw - mﬁka satisfies
e = 5+ om@y | 4.1

J

where £ is defined later. Now suppose that Fuler's method is

performed with spacings h and h/2, in which case xw = xww

and, if (4.1} is true,

W os g6 + e+ o)
and
us = g6+ wSGh e 0Py
Therefore,
I S RRICL

Thus the accuracy of Euler's method is improved by an order of

magnitude in h if the approximation

WS = chm oS
3 2373
to mﬁwa is used in place of cw. This technique has been applied

by DPSV [2, pp.88-93 and Section 47] in their work on the ORANI

model of the Australian economy.

Many authors have shown that Richardson's extrapolation rule

yields a sequence of approximations which are quadratically

2. Mathematical Preliminaries

A complete account of the material discussed here is

given in Lang [6, Chapter 161.

Let f:U-+RY and let z e U where UcRP is open,

and z = ANM“ Zys wees Nuu. Also let f = ﬁmu. mN cees mnu. where
mw rU->R for i=1,2, ..., q are the co-ordinate functions of f.
(1) Amap L :U->R® is linear if and only if

L(x + y) = L(x) + L) , (2.1

and
L(Ax) = AL(x) ,
for each x, ¥y in U and each X ¢ R. Now the p x q matrix
denoted by [L] which satisfies,
L(x) = ({L] Xt for each x e RP

is uniquely determined for given co-ordinates on R and RP.

In line with this identification drop the parentheses and write

L{x) as Lx.
Example :
Let L{x, y) = (-y, -x). Then
wy = | ° !
-1 0

Rather than preserve the cumbersome "[L]" notation,
use L to also denote the matrix of the linear map L. The

entity intended will be clear from the context.
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follows from hypothesis (2) of the proposition and the existence -
uniqueness theorem for solutions of ordinary differential equations

(see Lang [6, pp.374-51). Taylor's theorem may then be applied to g

to obtain
mmxw ) = wﬁme + wﬁxw mmMva h + R mxw h; g) rﬁmv (3.5)
i+l b it A M ‘
where
s 1 2 s
R,(xI, h; g) = % (1 - ©)p%g(x> + thydt . (3.6)
j 0 i
Subtraction of (3.5) from (3.3) yields
e . = &5 - mwom. g(x3)) - B, :& h-r S, n o) v@. .
j+1 b 3 3 373 sy 7

Now by hypothesis (2) there is a real number K > 0 such that
: 2
I8 e, vh - Bix, Y9I s kvt - Y2

where (x, %uu and (x, %mu lie in co X g mcou. Therefore (3.7)
implies that

lefuall = e xlinl fiell + lIr, o5, 15 ) )
SRS PR E B

where ©° = max {|R, o, s g WY 50,01, L, se1) L

For each j the mapping of h into zmmxwv h; g} (h, h) 1is continuous.
(As may be seen from (2.9), zNAxM» h; g) w:<o~<mm«ﬁvm second
derivative of g which is continuous on :o.u S0, by shrinking

co if necessary, we are assured that for all h and i,

each- zmﬁxwv h; g) (h, h) is bounded. Now, by applying the

11.

discussed below for functions f ; U »RY may easily be extended
to functions £ : V » A(U, E@v for an open set V in uxmu say.
As will be seen below the derivative of such a function will be
an element of the vector space A (V, mﬁcuuxnuu. The norm

defined on this space is given by

Ll = sup Cleewll : Mea@w, R and fM)] = 13 .

(iv) £ 1is differentiable at z if and only if there is a

linear map rN : RP > RY such that
fz +h) = £(z) + L,(h) + o(h) ,

where the function o has the property

, o(h)
h+0 [

For h close to 0 the definition embodies the idea that the value
of £(z +h) may be approximated by the value of a linear map at h
plus a constant. If € is differentiable then ru is uniquely

determined, and it is written as Df(z). That is,

Df(z)(h) = rmmru . (2.4)
Examples :
(a) Let f : %N - %N be given by
£(zy, 2,) = (z,, z,) for (z.,, z ) m.Em
1 %2 22 %1 1’ *2 )
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20.
interval, the error in the estimate of g at xw given by
llg Axwv - cwz , is of order h = H/s. Further, these errors

converge uniformly to zero as h approaches 0 -that is, as s,
the number of steps, increases. In this section we outline how this

convergence result may be extended to deal with initial value problems

That is,
Dg(t ) (h)

At this point it shoul

13,

d be remembered that ummnov is

a linear map which is used to approximate g near ﬁo. The

slope of the graph of g at ﬁo

has been written as

g ()

defined on an open set U in R ™
Dg(x) = B(x, g(x))
(3.4)
g(xy) =y o,

where now g : U~V cR® for n-mz21 and m2 1,

Dg : U~ AR, R™ and B : U xV+a®™™ ®R™. As in (3.2)

s + 1 vectors Nw are chosen but, to ensure that each xw lies
in U, it is assumed that Xp + tH is in U for each t in [0, 1].
“Again, Euler approximations cw to the points mﬁwa are obtained

from (3.2) and (3.3), where (3.3) now involves evaluation of the
linear map wmxwu CMV at h ¢ R" " rather than simple multiplication
of the real numbers wﬁxw« cMu and h, as was the case for

problem (3.1). Of OOCWmm the evaluation of the linear map at h

may be thought of as the product of a matrix and a vector.

Define the error ow in the Euler approximation cw to
s
g(x3) by
s s s .
Ow = Cu - Wﬁunuv > uﬂO~H»N~...«M~
where
e, = u - mﬁxHu = 0 . 4

the

In general, we now use

linear map Df(z). In fact,

is Nﬁo. which traditionally

£°(z) to denote the matrix of

£7(z) 1is the matrix of first

order partial derivatives of £ at z, and is called the Jacobian

of

£f at z.

(v) Let £:U-RY be givenby £= (£, £, ..., £)

where for j =1, 2, ..., q mu :

Df(z) = ﬁomw

1 72 q
U -+R. Then for z in U

(z), omwﬁuuu vens cmshuvu .

(vi) The partial derivatives of mu of order k are written

as UWH L ww m%mmu where j =1, 2, ..., q and wu =1, 2, ...
s s P S p-s .
{(vii} If we partition RY into K x R then, for x in
R® and y in RP™S with (x, y) in U, we define D,f and
cmm by
Dy£(x, ¥) hy = DE(x, y)(hy, Q)
and

cwmmxv y) rm

i

DE(x, ¥)(9,, hy)

> P

(2.5)
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where rmuv is the j-tuple of vectors ¢(h, h, ..., h) and

1 e-1
1-t 3
R,(z, h; £) = hvm& - HW_ p*f(z + th)dt . (2.9)
We will use the inequality
2
IRy o vy 8 ) < firy 2, ms 8 ) il (2.10)

quite often in this paper. This is obtained by £ applications

of the inequality for the norm of a linear map.

and

(vi

fog:

for each

is differentiable at g(z)

ii)

vV +R

A

D £(a, blh,

Let g : V->U and f

2 is defined by

£ gz

H

15.

2a 0

0

ﬁcrw wauu .

: U->RY then the function

£(g(z))

in V. If g is differentiable at

differentiable and

or

Example

and

Then

and

D(f » g)(z)

£ g)7°(2)

Let f :R-+R and

gF, ©

£(2)

(£, Q

(£ g7 (P, Q

#

i

H

i

i

z €V and

DE(g(z}) = Dg(z)

£7(g(z)) . g7°(2)

PQ

Log(z)

Log (PQ)

Log(g(P, Q) . g7(P, Q

1
g(P, Q)

E

QP)

(which must lie in U) then f o g

g : %m +R be defined by

if

is

£
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