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AN APPROACH TO THE MACROECONOMIC CLOSURE OF
GENERAL EQUILIBRIUM MODELS

by
Russel J. Cooper and Keith R. McLaren

INTRODUCTION

Quantitative economic models designed for use in policy analysis can be
broadly classified into two distinct categories. First, there are the large
scale applied general equilibrium models, which explain the composition of
economic activity at the level of disaggregation provided by input-output
tables, Conditional on a m»«m: macroeconomic climate, such models provide
‘sectoral specific responses to shocks imposed on exogenous variables (which
may -be of an aggregative or a sectoral nature). Second, there are the small
to medium scale dynamic macroeconometric models which attempt to explain the
main  macro—-aggregates at the national accounts Jlevel of disaggregation.
Models in the latter class can be used to compute the responses of various
aggregates, such as total employment and total output, to given shocks. While
each of these models is useful in its own right, and many policy applications
of each could be quoted, an important potential which seems not to have been
explored din the literature 1s the possibility of wusing an existing
macroeconomic model to provide an endogenous macroeconomic climate for a
general equilibrium model. Consider, for example, a shock such as a 10%
increase in government spending. The general equilibrium model will in
general provide the sectoral specific responses to the "demand” component of
this shock, conditional on the remaining macroeconomic variables being held
fixed. The macroeconomic model should be capable of modelling, for example,

the financial aspects of the increased government spending. In general, the
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THE TWO MODEL TYPES

The Bergstrom Model

This is a macroeconomic model specified as a first order stochastic

differential equation system. It may be represented as:

mwnnv = Ay mw?v + zm Nm?v.+ u(t) , (@8]

where Ty refers to a vector of the logarithms of endogenous variables, Nw
is a vector of the logarithms of exogenous variables and u 1is a white noise
disturbance vector. The typical equation specification is one of partial
adjustment of endogenous variables to their desired or long~run values. An
example of a model specified in the form of equation (1) is provided by

Bergstrom and Wymer (1976).

A more rigorous specification of the underlying stochastic differential

equation system is :
d Yu(e) = Ap Yp(t)de + Np Zg(t)de + av(t) , (2)

where dv(t) 1is a Gaussian vector process. The solution of this system may

be written:

&mn

t -AgT
Y (t) = e Awwﬁov + %o e

B ~A T

t
Ny 2 (r)dr + %o e B av(n} . (3)
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FOOTNOTES

The authors wish particularly to thank Alan Powell, who first posed the
problem to wus, for his encouragement, constructive criticism and
guidance. Thanks are also due to Peter Dixon, Brian Parmenter, Russell
Rimmer and Dennis Sams at IMPACT, and to Peter Jonson, Rob Trevor,
Warwick McKibbin and John Taylor of the Reserve Bank of Australia for
thedr helpful contributions; Vivian lees provided computational
assistance. Of course, the authors accept full responsibility for any

possible misuse or misunderstanding of either the ORANI or RBIX models.

For background material on the aims and strategy of the IMPACT Project,
see Powell (1977). For a statment of the arguments on the choice of the

types of model used in IMPACT, see Powell (1981).

It is not strictly necessary to restrict @ to values u.mwm than 1. Since
(16) 1is only meant to provide a dynamics for the Johansen model within
the strictly finite solution period n»* values of B exceeding one do
not cause the model to become unstable.

A possible methodology for experimental joilnt determination of Anﬁw 8
is -oputlined in Cooper and Mclaren (198la); an approach involving their

direct econometric estimation is sketched in Gooper and Melaren (1981b).

interval [0,t]. The former, yg (t), represent the accumulated changes in
the BPergstrom model’s endogenous variables up to the point in time t
expressed as a proportion of the ceteris paribus values of these variables at
time t. Thus we note that one implication for policy analysis of the
representation (8) is the ease with which a responge to a sustained shock can
be computed. By using (7), responses (8) can be calculated explicitly for any

given value of t, and hence an approximate discrete time dynamic simulatiocn

of (1) is not nmacwnmm.

The Johansen Model

In its reduced form, a general equilibrium model may be characterised by
the set of equilibrium conditions relating the levels of the endogenous

variables Y to the levels of the exogenous variables 2
Y = £(2). (9

Movement from one equilibrium -position to another, generated by a small

change in the exogenous variables Z , is represented as :
4y = mN_ANvaN R (10)

where the 3; element of the Jacobian is wmnﬁmv\wm . m» is the ifR
element of the vector function f , and hu is the ,.mnr element of 2Z . A
Johansen wmodel 1s characterized by the assumption that the reduced form

elasticities are constant for practical pUrposes. Thus (10) is written in

proportional change form as:
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Table 1

Comparative ORANI mmmvo:mmmmmv

ORANT Response (%)

ORANI Endogenous

Variables Stand Alone Closed by MACRO
Qutput 1.060 0.963
Prices 1.259 5.213
Labour Demand 1.555 1.389
Value of Exports ~1,364 ~2.273

Value of Tmports 1.832 3,254

(a) Responses are to a sustained shock to real government spending of 10%.
The calculated "as if" shocks (in the variables exogenous to ORANI which are
endogenized by MACRO) are - exchange rate: 1.65% devaluation of the
Australian dollar ; real wages : up 0.43% ; consumption demand: up 0.71%

investment demand: up 0.20% .

NOTATION FOR THE CLOSURE

To develop a notation which is consistent in its treatment of the
endogenous/exogenous variables in the Johansen/Bergstrom models, consider
first the vector YR of all wvariables endogenous to the full Bergstrom

system. The variables in this set may also be classified according to whether

they are:
i) endogenous to the Johansen model. Denote this set of variables by
42AN
ii) exogenous to the Johansen model, Denote this set of variables by
TRy .

1ii) not included in the Johansen model. Denote this set of variables

by %wxu E ww!%wxu. where x5 refers to the set of all

variables in the Johansen systenm.

Thus the vectors yy, ¥y, Zg and zy can be decomposed as:

Y8 Y578 2y 2578
YpTl YgFy f 0 Y5 T Yy | > g < 1510 B T S %5%p |
AN Y 5B g5 25%8

In this notation, the vector ygyy contains the same set of elements as

7y g etc. Thus the first block of elements of ¥p is the same as the

first block in Ve the second in V3 the same as the first in the

qu

second in zp the same as the second in zy, and the second in yp the same
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21.

variables (the “macroeconomlic climate") which are exogenous to ORANI are
endogenized in the joint model by MACRO: the exchange rate, real wages,

private consumption demand, private investment demand.

In order to use MACRO to close ORANI, it remains to specify n*g the ORANI
stand-alone conditional equilibrium response time interval, and the value of
B, the ORANI adjustment speed,, For this illustrative example, we set
e = 8 quarters and B = 0.5 , which are certainly reasonable values. In
the following pages, where earlier definitions are used, the J subscript

will be-replaced by an 0 (for ORANI) and the B subscript will be replaced

by an M (for MACRO).

10.

THE MODELS COMBINED

Rewriting (11) and (8) in the new notation gives:

M A1l 12 13
(&) [ypyy ¢y ¢ ¢ z ¥y
= z3%y (12)
~ 21 22 3 | ~
(b) | ¥s¥g 5 Cy ow Z5%p
ALl 12
(a) %w%u nw Ow an.u
21 22 ~ :
(b) Y4y = nw o ZK g (13)
~ 31 2
(© | v, c ¢

In principle the system (12) may be closed with respect to 23y by
identifying these wvariables with the set ypzy endogenized by (13) (b).
However, it is convenient to consider firstly a simplified version of the
recursive structure in which zj; = yg . In this case the models (12) - (13)

simplify to:

11
() Y78 €y 278
= R (12%)
~ 2
(e) Y58 ouw
r 21 22
(®) g%y Cg Cy 2p%y
N . (13%)
2g*5

in which the fully recursive structure is revealed by the identity of the

left~hand variable of (13*) with the right-hand variable of (12%),
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19,

induced by the linkage to the Bergstrom model can be computed simply in two

*
stages. At the first stage, the "as if" shock [0, ] 1is calculated,

2373
Note that this involves only the parameters of the Bergstrom model, contained
in Ap and Ny , and the two parameters 8 and t* ., The typically "large”
matrix C; is not involved. At the second stage, the "as 1if" shock is

treated in exactly the same way as it would be in computing a Johansen “stand-

alone” response.

To make this procedure operational, the two parameters t* and £ need
to be gpecified. Values of these parameters may to some extent be implicit in
the construction of the Johansen elasticities matrix ﬁw , and so the model-

builder may be able to provide some prior evidence as to their values.>

12.

section explains the way in which timing differences between the two models
may be corrected, by decomposing a time path of shocks into a sequence of

constant sustained shocks,

The Recursive linkage: A Simplified (ase

We congider firstly the case 23 = ¥yg . Thus the combined model,
uncorrected for timing, is (12*%) - (13%), In this sub-section the shorthand

notations yj, ¥p, zy, 23, Gj, Cg are understood to represent the vectors and

matrices of the system (12%) - (13%).

Consider now a shock to the Bergstrom model which occurs at time O and
is sustained over ([0,t}, t < t*, Represent this by Nmmown_ . This

produces the Bergstrom response:

%wnmv = owﬁmumwﬁo.nu. 0<s <t , {17)
where
Aps
-1 B
omnmv = »w fe :H_zw.
Identifying yp with z; leads to a time varying shock zj(s) to the
Johansen model. Representing NuAmV as the integral of its derivatives:

s muuAaV

2z (s) = \o () ar . (18)

allows each of the derivatives to be interpreted as a shock sustained over the

period ([t,t] :

l!MMll_ z Ngﬁa.nw. 0K t<t (19)
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17.

The implications of this parameterisation can be seen by looking at the

response to a sustalned shock z;[0,t*] of either (a) the rates of change of
the proportional deviations of the Johansen wmodel's endogenous variables,

which follow a declining geometric progression:

¥, = ma%uﬁov , 0< 18,

= 0 , T >tk

or (b) the accumulated proportional deviations, which follow:

T
-1
vy (0 = Mﬂﬂxw‘ wuﬁn»v y 0 € T tr
(29)
= wu?ﬁ , to»orx o,
Aqt
With specification (28), matrices such as Ay and e J appearing in

(27) are scalar matrices. Thus the integral component of expression (27)

for n,w\whﬁv may be evaluated explicitly as:

ALt
£ -1 -1 B
Cyyplt) = C VB -7 {{ay - (2817 [e © -

B -1

LB BT g Ay -1, (30)

(recall na?»v EC.) .

times a sustained shock nguﬁ to the Bergstrom model., Equation (22) is
the reduced form (adjusted for timing) of the recursive system (12%) -

(13*), It is convenient to express (22) in structural form as:

yye) = Cpple) yple)
(23)
yg(t) = Cple) zyl0,e]
4 A _(t-1) AT LW
where Gy (1) = \o >m~ fe 7 -I] Npe Blar [e B -1 w>w .

The General Recursive Linkage

In the case where 2y # Yy the combined model, uncorrected for timing,
is (12) - (13). Again consider a sustained [0,t] shock to variables exogenous
to the Bergstrom model. As in the previous sub-section the Bergstrom response
is given by (17). Now, however, it is a subset of ¥g » namely ygpzy , which
leads to a time varying shock Nu%wAmv to the Johangen model. Again this
time path 1is represented as an integral of its derivatives. The typical
derivative represents a sustained shock from T to t , and by linearity the
timing~corrected Johansen response can be represented as the integral of the
responses to this overlapping sequence of sustained shocks. In addition,
there is an avenue for a direct Johansen response to shocks other than those
generated by the Bergstrom response. ‘That is:

£y Ayle-t) Rt
UJASu ao »JF uﬂzu oT,nEa

0
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