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I. Introduction and Summary 

INTERNATIONAL TRADE flows are commonly identified and clas- 
sified on the basis of three characteristics: the kind of merchandise 

involved, the country (or region) of the seller, and the country (or 
region) of the buyer. In theories of demand for tradable goods, it is 
frequently assumed that merchandise of a given kind supplied by sellers 
in one country is a perfect substitute for merchandise of the same kind 
supplied by any other country. This assumption implies-leaving aside 
any factors that lead buyers to spend more for a given item than neces- 
sary-that elasticities of substitution between these supplies are infinite 
and that the corresponding price ratios are constants. While the impor- 
tance of lags in buyers' responses, and other such "imperfections" in 
buyers' behavior, need not be overlooked, an appeal to them as the sole 
basis for changes in relative prices of directly competing merchandise 
would appear to be neither realistic nor attractive theoretically. A 
preferable approach would be to recognize explicitly that any world 
model of feasible dimensions would identify few, if any, kinds of 
merchandise for which the perfect-substitutability assumption is tenable. 

Accordingly, this paper presents a general theory of demand for 
products that are distinguished not only by their kind-e.g., machinery, 
chemicals-but also by their place of production. Thus French machin- 
ery, Japanese machinery, French chemicals, and Japanese chemicals 
might be 4 different products distinguished in the model. Such products 
are distinguished from one another in the sense that they are assumed 
to be imperfect substitutes in demand. Not only is each good, such as 
chemicals, different from any other good but also each good is assumed 
to be differentiated (from the buyers' viewpoint) according to the 
suppliers' area of residence. If the model distinguished 10 goods and 

* Mr. Armington, economist in the Current Studies Division of the Research 
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20 supplying areas, the number of products distinguished in the model 
would be 200.1 

The geographic areas that serve as a basis for distinguishing products 
by origin are also used as a basis for identifying different sources of 
demand. For example, if France is identified as 1 of the 20 supplying 
areas, the model would contain a function expressing French demand 
for each of the 200 products. There would be 10 French demands for 
domestic products and 190 French import demands. Conversely, for 
each French product, there would be 1 domestic demand and 19 export 
demands. 

The problem confronted in this paper is that of systematically simplify- 
ing the product demand functions to the point where they are relevant 
to the practical purposes of estimation and forecasting.2 Starting with 
the general Hicksian model, the exposition runs through a sequence of 
progressively more restrictive assumptions leading to a specification of 
the product demand functions which, though highly simplified, preserves 
the relationships between demand, income, and prices that are apt to be 
quantitatively significant. 

The fundamental modification of the basic Hicksian model is the 
assumption of independence-an assumption whose implications have 
already been explored in other branches of demand theory and in 
capital theory.3 In its present application, the assumption of indepen- 
dence states, roughly, that buyers' preferences for different products of 
any given kind (e.g., French chemicals, Japanese chemicals) are inde- 
pendent of their purchases of products of any other kind.4 By this 
assumption, for example, an increase in purchases of French machinery 
does not change the buyers' relative evaluation of French chemicals 
and Japanese chemicals. Given the assumption of independence, the 
quantity of each good demanded by each country (e.g., French demand 

1 In the second paragraph of Section I and throughout the rest of the paper, a 
distinction is made between "goods" and "products." "Goods" are distinguished 
only by kind (that is, by the kinds of wants or needs they serve), whereas 
"products" are distinguished both by kind and by place of production. The geo- 
graphic and commodity dimensions of the model are spelled out more formally in 
Section II. 

2 See Section VI, pages 170-71. 
3 Seminal contributions were made by Robert M. Solow, "The Production Func- 

tion and the Theory of Capital," The Review of Economic Studies, Vol. XXIII 
(1955-56), pp. 101-108, and by R. H. Strotz, "The Empiiical Implications of a 
Utility Tree," Econometrica, Vol. 25 (April 1957). A fuller development is given 
by I. F. Pearce, Chapters 4 and 5, in his A Contiibution to Demand Analysis 
(Oxford University Press, 1964), pp. 133-230. H.A.J. Green provides a good 
review of the relevant literature in his book, Aggregation in Economic Analysis 
(Princeton University Press, 1964). 

4 The assumption of independence is stated in more precise terms in Section III, 
page 164. 
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for chemicals-in-general) can in principle be measured unambiguously.5 
In other words, there exist demands for groups of competing products. 
Following conventional terminology, each such demand can be called 
a market. There would be, for example, the French market for chemi- 
cals; and chemicals supplied by different countries or areas (including 
France, of course) could be said to compete in that market. Moreover, 
demand for any particular product (e.g., French demand for Japanese 
chemicals) can be rigorously expressed as a function of the size of the 
corresponding market (e.g., French demand for chemicals-in-general) 
and of relative prices of the competing products. 

It is next assumed that each country's market share is unaffected by 
changes in the size of the market as long as relative prices in that 
market remain unchanged. On this additional assumption, the size of 
the market is a function of money income and of the prices of the 
various goods (e.g., the price of chemicals-in-general, the price of 
machinery-in-general) .6 Combining this function with the product demand 
function described above, the demand for any product becomes a func- 
tion of money income, the price of each good, and the price of that 
product relative to prices of other products in the same market. (Prices 
of products competing in other markets are influential only insofar as 
they determine the prices of goods.) 

If there are a large number of products competing in the market 
(in other words, if the number of supplying areas identified in the 
model is large), then further ways of simplifying the product demand 
functions are needed if they are to be of much relevance to practical 
research. The approach suggested in this study (Section IV) is to 
assume that (a) elasticities of substitution between products competing 
in any market are constant-that is, they do not depend on market 
shares, and (b) the elasticity of substitution between any two products 
competing in a market is the same as that between any other pair of 
products competing in the same market. These assumptions yield a 
specific form for the relation between demand for a product, the size 
of the corresponding market, and relative prices; and the only price 
parameter in this function is the (single) elasticity of substitution in 
that market. 

Differentiation of the demand functions yields an analysis of changes 
in demand for any given product (Section V). The percentage change 
in demand for any product depends additively on the growth of the 
market in which it competes and on the percentage change in the 
product's share in that market. The change in the product's market 

5 See page 164. 
6 See pages 165-66. 
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share will depend in a specific way on the change in the product's price 
relative to the average change in prices of products in the market. The 
growth of the market will depend mainly on the change in income and 
on the income elasticity of demand for the respective good (i.e., the 
class of products of which the given product is a member). In order 
that market growth depend exclusively on this income effect (and not 
on the prices of goods), certain additional assumptions are needed 
(see p. 170). The study concludes with a brief discussion of the relevance 
of demand theory to some of the current research in the area of trade 
analysis and forecasting. 

II. Geographic and Commodity Dimensions of the Model 

Any large model of the world economy would make use of some 
vector of countries or other geographic areas, C=(C1,C2, . . . ,Cy), 
as well as some vector of goods, X= (X1,X2, . . . ,Xn). The present 
demand model stipulates, in addition, that each good is differentiated in 
use (e.g., in demand) according to where it is produced. Any "good," 
Xi, refers to a group of "products," each supplied by a different country 
or area; that is, X= (XI,X,i2 . . ,Xim), where Xij is assumed to be 
an imperfect substitute for Xk(j (i k) from the viewpoint of buyers in 
any country or area, Ci. For later reference, it will be useful to set out 
these specifications in the following format: 

X= (X11,X2, . . . ,XlmnX2,X22, 

... .,AX2m . ? . ,Xnl,Xn2, * * .,Xnm) (1) 

- (X1,X2, . . . ,Xn), where 

Xi=- (Xil, Xi2, . . . ,Xm), for i= 1,2, . . . ,n. 

The top line of this formulation, which may be called the product vector, 
can also be presented as a product matrix: 

supplying countries _ 

goods 1 2 ........ m 

1 Xll X12 ........Xm 
I 2 X21 X22 ........ X2 

. . . . . . . . . . . 

? * * . . . . .. . .. 

n I X'L., Xn. ........ X. X 
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The country vector C= (C1,C2, . . . ,Cm) also lists the various 
sources of demand. The demand of buyers in any country, CG, for any 
product, Xij is here called a product demand, and the demand side 
of the model is described by all such functions. Since there are m 
demands for each product, and since there are mn products, the demand 
side of the model is comprised of m2n product demands, of which mn are 
domestic demands and mn(m-1) are export (or import) demands. 
(Import demands are not residual demands, depending on domestic 
supply functions, as is the case in models which presume that goods are 
homogeneous over different sources of supply. In the present model, 
the analysis of ex ante demand-domestic, import, and export-requires 
no particular assumptions about supply functions.) 

III. Market Demands and Product Demands: An 
Application of the Assumption of Independence 

Ex ante demand functions state relationships that must exist among 
certain variables if buyers are to be satisfied. Buyers' satisfaction 
entails getting the most for their money, given the available selection 
of products and their prices. Demand functions may thus be viewed as 
statements of conditions under which an index of buyers' satisfaction is 
as high as limited incomes and given prices permit. Given such an index, 
U, these conditions or demand functions can be derived by maximizing U 
subject to a budget constraint.7 

The general approach to the derivation of the product demand func- 
tions identified in the previous section is to express U as a function of 
all mn products; that is, using (1), U= U(X).8 Then, given a cor- 
responding price vector, 

P= P11,P12, . . . ,Pim,P2l,P22, . . . ,P2m, . . .,Pnln2 . . . ,Pnm, (2) 

and national money expenditure, D, U(X) is maximized subject to the 
budget constraint D=PX'. Once U is specified, the first-order condi- 

7 Each of the four simplifying assumptions introduced in Section I can be inter- 
preted as a certain restriction on, or specification of, the index U. Thus, by using 
the maximization procedure to derive the product demand functions, a formal link 
is established between general demand functions and the highly simplified relation- 
ships mentioned in Section I. 

8 The rest of this paper deals with the demand of any single country and does not 
consider the aggregation of demands across markets. Hence, no notation is attached 
to U, or to other variables mentioned later, to identify the country whose demand 
is referred to. 
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tions, together with the budget constraint, imply this country's mn 
demand functions, each one having the general form 

Xij-= X(D,Pll,P12 . . . ,PlM,P21,P22, . . . 

P2n, .? ? * .PnlXPn2, . . .? ,nm ), (3) 

for all i and all j. 
Of course, the close association between products of the same kind 

is not reflected at all in the general form of (3). The problem at hand 
is to specify U in such a way that the information implicit in the product 
classification scheme is fully utilized, to the end that the product demand 
functions may be appropriately simplified. The first and most funda- 
mental step is to specify U in such a way that the demand for any good, 
Xi, can be measured unambiguously. 

Professor Solow asked the question (albeit in a rather different con- 
text),9 Under what condition can U be "collapsed" in the following 
way? 

U= U(Xl,Xl2, . . . ,Xm,X21,X22 

. . . ,X2m . . . ,Xnl,Xn2, . . . ,Xnm) (4) 

= U'(X 2,X2, . . . ,X), where 

Xi-= i(XilX2, . . . ,Xim), for i= 1,2, . . . ,n10 

If U can be so collapsed, all combinations of Xil,Xf2, . . . ,Xim which 
yield any given value of Xi are equally good, and that given value is a 
specific quantity of Xi-in-general. In other words, if (4) is true, demands 
for goods-here called market demands-can be measured unambigu- 
ously. The necessary and sufficient condition for collapsing U is that 
marginal rates of substitution between any two products of the same kind 
must be independent of the quantities of the products of all other kinds." 
In other words, buyers' relative evaluation (at the margin) of different 
products competing in a given market must not be affected by their pur- 
chases in other markets. This is the assumption of independence.12 

9 See Solow, op. cit. 
10 Compare with equation (1). 
11 The proof is in Solow, op. cit., and in an early work by Leontief referred to in 

the Solow article. 
12 In theory, the assumption of independence might be viewed as tautological; 

for independence could well be taken as a defining characteristic of products 
distinguished by their kind (that is, by the kind of want or need they serve). 
Following this approach, an alternative, more basic assumption would be neces- 
sary, namely, that products can be rigorously classified by kind in the first place. 
In practice, however, goods must be identified within the framework of some avail- 
able classification scheme (such as the Standard International Trade Classification). 
Given this constraint, independence is not necessarily tautological. How far the 
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Given the assumption of independence, which leads to (4), demand 
for any particular product Xij can be written as a function of Xi and 
of relative product prices in the ith market.13 If the demand for Xi can 
in turn be related to income and appropriate price variables, then a 
manageable specification of (3) is within reach. 

The price variables on which Xi will depend are, naturally, the prices 
of goods, or Pi (i= 1,2, . . . ,n), and Pi is a function of prices of 
products in the ith market, just as Xi is a function of quantities of these 
products. But Pi cannot be just any function of product prices; the 
prices of goods must be such that the demand for the ith good, which 
they explain, is consistent with the optimum selection of products in the 
ith market. More exactly, the demand for Xi as determined by income 
and prices of goods must be the same as the value of p1 implied by all 
demands for products in the ith market as determined by direct reference 
to income and product prices. 

This condition is fulfilled if 

pp . P4 + p . ?, . P+ Pi= il 
aXil aXi2 

im aXi,,, (5) 
for i=1,2, . . . ,n14 

Note that (5) implies that 

P aanX P~2 ax P1--=1 a-X-, and Pia 
=a' etc., 

DXi2 aXi3 
which are the first-order conditions for optimum mix of products in the 
ith market. 

It is not clear from inspection of (5) that Pi depends only on product 
prices. In fact, to ensure that Pi is independent of Xi, it must be assumed 
that pi is linear and homogeneous. Then the partial derivatives in (5) 
depend only on ratios of quantities of products demanded in the ith 

assumption restricts the realism of the model depends on the extent to which the 
different items in the goods vector correspond to more or less discrete wants or 
needs. Within the limitation imposed by the available classification scheme, the 
analyst may attempt to select a vector of goods that renders the independence 
assumption as realistic as possible. It should be noted, however, that supply factors 
may suggest to him a rather different choice of goods. The identification of goods, 
for purposes of a complete model, cannot be guided in practice by any single 
criterion. 

13 The function may be derived from the conditions for minimizing the money 
cost of purchasing any given volume of Xi, given some specification of '0. The 
derivation is analogous to that of the demand for a factor of production as a 
function of output and relative factor prices. 

14 See Solow, op. cit. 
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market, and these ratios in turn depend only on ratios of the product 
prices; hence, Pi is only a function of P<i,Pi2, . . . ,Pim. The assumption 
that the quantity index functions are linear and homogeneous is the 
second restriction (the first being the assumption of independence) that 
has been placed on U. This second restriction means that market shares 
must depend only on relative prices of the products in the market; shares 
must not depend on the size of the market itself. 

m 

An important property of Pi as given in (5) is that PX= 2 PikXk = 
k=i 

money expenditure in the ith market.'5 This fact leads directly to the 
budget constraint, 

n m n 

D--2: PikXik = 2 PiX, 
i=1 1=l i=1 

which, along with U' in (4), determines the demand for Xi. To sum- 
marize, the demand for any good, Xi, can be obtained by maximizing 

n 

U'(X1,X2,. . . . ,X") subject to the constraint D=2-P1Xj. Then, the 
i=l 

demand for any product, Xij, can be obtained by minimizing the cost of 
purchasing the volume of Xi just determined; that is, the expression 
m 

PikXfk is minimized subject to the constraint X=i(X{,X2, . . . , 
k=l 

Xim). The resulting demand functions are 

Xi= X(D,P1,P2, . . . ,P), where Xi is any good, and (6) 

Xij = Xj Xi, P, . . . , where Xij is any product. (7) 
Pil Pi2 Pim 

15 Equation (5) implies that 

PO42X. = Pi aX12, X--; 

PiXi. = P. bXta.Xi 

Therefore, 

PikXtk = Pi x ~ = PXt 

using the assumption that o0 is linear and homogeneous, together with Euler's 
theorem. 
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By substituting (6) into (7), a particular reformulation of (3) is 
obtained. In this reformulation the role of prices is handled by only 
m+n variables, compared with mn variables in (3): product prices 
outside the ith market affect Xij only insofar as they determine price 
levels in other markets (that is, PI,P2, . . . ,P-1,Pi+1, . . . ,P,). This, 
specifically, is the sense in which the two restrictions on U serve to 
utilize the information implicit in (1). And these restrictions-both very 
mild-open the door to more powerful simplifying assumptions, such as 
those discussed below. 

IV. Product Demand Functions Assuming a Single, 
Constant Elasticity of Substitution in Each Market 

If many countries or areas were identified in the model, equations (7), 
in the above form, would probably be too complicated to be of practical 
use. A way to simplify them is to introduce the assumptions that 
(a) elasticities of substitution in each market are constant and (b) the 
elasticity of substitution between any two products competing in a 
market is the same as that between any other pair of products competing 
in the same market. In terms of the index U (equation 4), these assump- 
tions are equivalent to the specification that the p5's are constant-elasticity- 
of-substitution (CES) functions, having the general form 

Xi= --i, (Xi,Xi,2, . .. A Xim) 
1 16 

= [blXj-Pf + bi2Xi2-P' +. + bimXim -Pi] . (8) 

Given (8), it can be shown that equations (7) have the form 

Xij= bij X ) , (9) 

where ao is the elasticity of substitution in the ith market and bqi is a 
constant.17 

In equation (9) and in all those that follow, Xij can be interpreted 
either as the demand for the ith good supplied by country j or as the 
demand for the ith good supplied by the jtl group of countries. For 
example, the jth group could be all foreign countries; in this instance, (9) 
would express the demand for total imports of the it' good (Xij) as a 
function of demand for the ith good wherever produced (Xi) and of the 
ratio of the average import price (Pij) to the average price level in the 
market (Pi). This flexible interpretation of the variables in (9) is the 

16 This function is linear and homogeneous, as required. 
17 The derivation of (9) from (8) is in Part I of the Appendix. 
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consequence of two properties of Ht as specified in (8): (a) the marginal 
rate of substitution between any pair of products competing in the 
ith market is independent of demand for any other product(s) in that 
market, so that ~ in (8) can be "collapsed" in the manner of equation 
(4); (b) 0i in (8) is linear and homogeneous, so that the index functions 
appearing in any "collapsed" form of (8) must be linear and homogene- 
ous also. Hence there exists an unambiguous demand for any subset of 
products in the ith market, and this demand can be related to the over-all 
market demand just as Xi, under strictly analogous conditions, can be 
related to total income. 

Equation (9) can be written in a variety of useful ways; for example, 

PiJXij = bfij( P.Xj) (pi 1 -, (10) 

which relates money demand for Xij to the size of the corresponding 
market measured in value terms, and 

Xi = bj 
at Pij )' or (11) 

pi,_ \ Pi/ , P 
-j bX I - b (j i) 1-04 (12) 

which expresses the market share as the dependent variable. As is clear 
from (12), value shares are constant if , = 1. (In this special case, 
i, is a Cobb-Douglas function with parameters bik.) If oi > 1, a relative 

fall (or increase) in Pij yields an increase (or decrease) in the market 
share of Xj. The reverse is true if oi < 1. Ordinarily, it would be expected 
that ei exceeds unity: an "improvement in competitiveness" should yield 
an increased share, and vice versa. But the logic of the model (as distinct 
from some particular interpretation of the variables) places no such 
restriction on this elasticity. 

V. Analysis of Changes 18 

Total differentiation of the market demand function (6) and the 
product demand function (9) yields the following relation between the 
percentage change in demand for Xi>, in value terms, and percentage 
changes in income and price variables: 

18 The argument of this section is more fully developed in Part II of the Ap- 
pendix. 
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d (PqXij ) dD dPi I dPk 
DPV 

= e 
D- (- 

1 ) 
p 

~ + P , /k 
Pk 

- (f-1) ( dPj dPi) 19 

where ei is the income elasticity of demand for Xi, i is the direct price 
elasticity of demand for Xi, and rji/k is the cross elasticity of demand for 
Xi with respect to Pk (k=1,2, . . . ,i-l,i+l, . . . ,n). The first 
three terms together measure the growth of the market (in value) for 
Xij, while the fourth term measures the percentage change in Xj's 
share of the market. 

The change in demand for Xij can also be analyzed in more traditional 
terms by replacing the price level in the ith market with product prices 
and market shares. As is demonstrated in the Appendix,20 one of the 
properties of Pi is that the percentage change in this variable is equal to 
an average of changes in component product prices, weighted by market 
shares; specifically, 

dPi __m Si dPik S ik = PiXik 
P- 

= 
/ k' where S= PiXi 

dP. 
Substituting this summation for -i in the second and fourth terms of 

Pi 
(13), one obtains (after a little shuffling of terms) the following result: 

d(PijXij) dD - 
PX = D---- ( 1-Sij)(ri-l)+Sjj(r--1) dP~j ri,j U_ -ij 

+2 Sik(i-I)-Sik(i-l) dpi P 2 _/-. (14) 
k#j _ ik k#i Pk 

Here, the growth of demand for Xij is divided into the following com- 
ponents: an income effect (first term), an "own price" effect (second 
term), the effect of prices of closely related products (third term), and 
the effect of all other prices (fourth term). The bracketed coefficient of 

dP- is the direct price elasticity of demand for Xij, in value terms, while 
Po 

dPi the bracketed coefficient of pik represents the cross elasticity of demand 
^ik 

for Xqi with respect to the price of any other product competing in the 

19 E indicates summation over all k, for k = 1,2, . . - 1,i + 1, . . ,n. 
kai 20 See page 174, footnote 29. 
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same market. Conversely, of course, the cross elasticity of demand for 
Xik with respect to Pij would be given by [S1j(ai-1 ) -Sj(n,- 1)]. 

The analysis of changes into market-expansion factors and share- 
adjustment factors (equation 13) is of greater relevance to current 
research than the more conventional breakdown shown in (14)-see 
Section VI. On the other hand, (14) is useful because it focuses atten- 
tion on how changes in individual product prices affect trade, and in 
particular on the role played by market shares.21 

In the event that equations (13) or (14) are yet too complicated 
to suit practical purposes, the feasibility of introducing two further 
simplifying assumptions may be considered. The first of these is that the 
elasticity of demand for Xi (q) equals unity, and the second is that the 
third term of (13), or the fourth term of (14), is small enough to be 
ignored. The first of these assumptions, which implies that expenditure 
on the ith class of products is independent of price changes in the 
ith market, focuses attention on the effects of changes in relative prices 
in the market and abstracts from any (presumably small) effects of 
changes in the general level of prices in the market. The second assump- 
tion would not be unreasonable if changes in price levels in other markets 
are very small, or if such changes are apt to have offsetting effects on 
demand for Xi.22 On these additional assumptions, (13) and (14) 
reduce to the relatively simple formula 

d(PXij dD 1) dP15) 
DZ -^- -((^ dPidP^ (15) 

VI. Conclusion 

In much of the current research in the area of trade analysis and 
forecasting, the change in any particular trade flow is viewed as the sum 

21 See pages 174-75 of the Appendix. This role of market shares is examined 
in detail by the author in "The Geographic Pattern of Trade and the Effects of 
Price Changes," which will be published in a subsequent issue of Staff Papers. The 
partial elasticities in (14) formally resemble the formulas derived by Hicks and 
Allen. (See J. R. Hicks and R. G. D. Allen, "A Reconsideration of the Theory of 
Value: Part II.-A Mathematical Theory of Individual Demand Functions," 
Economica, New Series, Vol. I (1934), pp. 201-202 and 208-11.) Similar 
formulas have been derived and applied in the context of international trade by 
Professor P. J. Verdoorn. For his early work in this area, see Annex A of his 
contribution to the annual papers of the Dutch Economic Society, 1952, and also 
Appendix A of "The Intra-bloc Trade of Benelux," in Economic Consequences of 
the Size of Nations, ed. by E. A. G. Robinson (London, 1960), pp. 319-21. 

22 One might be tempted to assume that the cross elasticities, 7/k, are zero. 
However, if /k= 0 and 7n= 1, then et must equal unity, since, by definition, 
-7 = t/k + ei. See Paul Anthony Samuelson, Foundations of Economic Anal- 

k?i 
ysis (Harvard University Press, 1961), p. 105. Ordinarily, it would be intolerably 
restrictive to assume that the income elasticity is perforce equal to 1. 
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of two components: the change that would occur if the given seller 
country were to maintain its share in the market (that is, its share of 
total sales to the given buyer country in the given commodity class), and 
the deviation of actual sales from constant-shares sales. Within this 
framework, forecasting of trade is essentially a two-step process in 
which (a) forecasts of growth in the various markets, together with a 
base-period matrix, yield a constant-shares matrix for the projection 
period, and (b) this constant-shares matrix is modified to take account 
of factors expected to yield gains or losses in shares. In retrospective 
analysis, the role of these factors is evaluated by comparing actual sales 
in particular markets-or, more frequently, groups of markets-with 
constant-shares sales. This general approach to trade analysis and fore- 
casting might conveniently be called the modified-shares approach.23 

Is the breakdown of changes in trade flows into the two components 
merely a matter of accounting that seems useful for certain purposes 
but which has no causal significance, no roots in buyers' behavior? 
Or can the traditional theory of buyers' behavior provide a satisfactory 
rationalization of the modified-shares approach? Can a few assumptions 
tie theory and practice together? 

This paper shows that the modified-shares approach does not require 
any radical departures from the traditional theory of buyers' behavior. 
Starting with the fundamental assumption that products of different 
countries competing in the same market are imperfect substitutes, the 
study shows how a powerful and reasonably realistic specialization of 
the function describing buyers' behavior-the specialization indicated 
by equations (4) and (8)24-leads to quite simple demand relationships 
embodying the constant-share and share-adjustment components. The 
modified-shares approach may find foundations on the demand side that 
are different from those proposed in this paper, including the market 
imperfections referred to at the outset. But the assumption that products 
are distinguished by place of production is a very convenient point 
of departure toward a rigorous theory of market growth and share 
adjustment. 

23 For an introduction to the research in this area, together with an appraisal 
of alternative frameworks for the analysis of international trade, see Grant B. 
Taplin, "Models of World Trade," Staff Papers, Vol. XIV (1967), pp. 433-55. 
Forecasting methods involving the modified-shares approach are currently being 
developed at the International Monetary Fund and elsewhere. Regarding retro- 
spective analysis, studies of export performance measured by changes in average 
export shares appear from time to time in recent Fund Annual Reports. 

24 See pages 164 and 167. 
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MATHEMATICAL APPENDIX 

I. Derivation of Product Demands Assuming a Single, Constant 
Elasticity of Substitution in Each Market 

Section IV introduces the simplifying assumption that any given quantity-index 
function, 0<, has the generalized CES form; 25 that is (to repeat), 

1 

Xi = (X-l[Xl2 - . . . ,X-)= [ 
- + . . . . +b4mXm'^ Pi , (8) 

where bs- = 1, and where pi is a constant greater than -1. The demand for any 

product competing in the ith market, Xij, can then be expressed as a specific func- 
tion of Xi and of relative prices (see equation 9). The derivation of this function 
is given below. 

If any given quantity of the ith good is to be obtained at least money cost, the 
following conditions must hold: 

?q5i 

DX bi (X Xij) l + Pi k = 1,2, . . . ,m.26 (16) 

DXk 

That is, marginal rates of substitution between competing products must equal the 
corresponding ratios of their prices. 

Solving (16) for Xa, 

/ b,kP,~ \ 1l+ 
Xik = Xj bP ) k = 1,2 . . . ,m. (17) 

Using this equation, (8) can be expressed as a relation between Xi, X4i, and the 
prices. Rearrangement of this relation, to show X4j as the dependent variable, yields 
the desired product demand function. First, however, (17) might conveniently be 
rewritten in terms of the elasticity of substitution. By rearranging (17), 

- 1 1 

(b ) -l (p,)- l+pi, k = 1,2, . . .,m, 

from which it follows that the elasticity of substitution between Xij and any other 

product competing in the market is equal to the constant 1 + ,27 To simplify 

25 The CES form has been used elsewhere in the literature in a somewhat similar 
framework; see, for example, Harry G. Johnson, "The Costs of Protection and 
Self-Sufficiency," The Quarterly Journal of Economics, Vol. LXXIX (1965), 
pp. 358-62. 

26 There are, of course, only m - 1 nontrivial first-order conditions. To except 
the trivial case where j = k would unduly complicate the notation. 

27 The elasticity of substitution between Xij and Xcu is, by definition, 

( P, )( Xi, 
Xi PikA 
/pii /iy 
Pik X) k 
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notation, let I a , the elasticity of substitution in the ith market. Equation 1 + pi 
(17) then becomes 

Xlk = X( k = 1,2, . . . ,m, (18) 

where 0 < at < 00. (The limiting cases have the following interpretations: if - = 0, the products are perfect complements; if ao = 00, the products are perfect 
substitutes. ) 

Now, substituting (18) into (8), and writing pi in terms of oa 

{X {= bik[ (Xi) ) ] } (19) 

-- 
= \ 

PX1, -i /Pi^1b 'i- 
b -Xt I bk as -I O' 

-I 

Then, solving (19) for X, 

X4=-- btj'X, X b,ti' P\ - ,) 1-'T. (20) 

Equation (20) may be viewed as a particular specification of (7). 
Simplification of (20) can be effected by relating the complex, relative-price 

term to the price level in the market, P,. Pi has a particular form, corresponding 
to the specification of qp4. Using (5) and (8), 

Pti= Pt+ ' X =- Pijbij X-lXij i . 

Then, substituting from (19) 

- n in - 1 

Ps=Pijbis-lX^ , bb^ f(p)3 
~1 

1- (21) 

= Pt 2, bik (P) P 

Therefore, 

k Pt / \ Pi-k ! ' ( -p') ) b i ( P(J) i es (22) 

Substituting (22) into (20), equation (9) is obtained. To repeat, 

Xwis bfr ay Pru e e (9) 

where Xq is any country's demand for any product, expressed in volume. 
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II. Analysis of Changes 

Total differentiation of (9) and (6) yields the relationship between changes in 
Xij and changes in the explanatory variables. Starting with (9), 

dX.i = ?X7 dX. + a--p dP,j + -aAj dPi 

_= a dXi - aiXiiPif'dPi + aiXjPi-'dP4. 

Dividing through by Xij, 
dX,j DXxjXi dX, dP4j dP( 

at x4 x -L + T(23) Xij XiX,ij Xi i p pI 
dX, ( dPis dP,\ = 
X 

- 
p p -pI, 

noting that the partial elasticity of Xij with respect to Xi equals unity. The first 
term represents the growth of the market for Xij; the second term represents the 
percentage change in Xij's share of the market. The growth of the market can, of 
course, be analyzed by differentiating (6). 

dXi dD dPi , dPk 28 

X,i= D-- p + /k p , (24) 

where et is the income elasticity of demand for Xi, 7 is the direct price elasticity 
of demand for Xi, and 77/k is the cross elasticity of demand for Xi with respect to 
Pk (k = 1,2, . . .,i - 1,i + 1, . . . ,n). And substituting (24) into (23), 

dX4, dD dP, dPk IdP,4 dP,j \ 25 
X. L D Pi- 7 + 47 L/K- - p -)L' i. (25) 

dPi Pik PikXi It can be shown that = Sik pik, where Sk - =p- = the market share 

of XLk in value terms.29 Thus the effects on Xif of changes in prices of products 

28 l indicates summation over all k, for k= 1,2 ..i - + 1, .... ,n. 
kli 

29 Since -p in (8) is linear and homogeneous, 

X X = 
z. Xik = ? p X,*, using (5). 

Therefore, 

p, = XkPik. 

Then 

dP, _ P4kXk dP4k m PLXL8 Xd , ( n 
P, ' =LX PLX , PLXL~ 

- 
X PX, X 

Xi 

the second term, a weighted average of percentage changes in market shares, is 
zero. 
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competing in the ith market depend not only on ao and n, but also on market shares. 
This role of market shares can be seen more clearly if the second and fourth terms 
of (25) are expanded in the following way: 

(dP,j dP\ dP, (dPi - dPk\) dPik 
- a' 

-7 p7, - l\- Pi 
Js- S 

P 
S.k 

pik 

[ dPj dP dP\ d dPk\ 30 
= - as^"D Sik D " Sj + Sik I d,, - sS )"--d,- ( 

dp,j 
Si-' dp\k 

dPitv dPik dPij - dPik 

= - ( d - Stf ) S ap + SJ + Skatf - SQ7itkdPik 

--=- (1-S,)~- + o p . v '- s -S { p Pik 

Substituting into (25), 

Xij Et 
- 

(dD 1 - Sd,- 
- S1 ] p, + Sik 

, 
,Sik, pdk 

+ I '7/7p. Pk (26) 

The bracketed coefficient of dPi in (26) is the direct, partial elasticity of 

demand for X and the bracketedPik i the cross elasticity of demand for X,j, and the bracketed coefficient of - is the cross elasticity of 
Pik 

demand for Xij with respect to the price of any other product in the ith class. The 
direct elasticity of demand for X4s is inversely related to its market share (assuming 
that o, > 7n). Intuitively, the more important is Xij in the market, the smaller will 
be the percentage gain or loss from the substitution associated with a given change 
in its price-and the larger the percentage change in demand for all other products 
in the market. By the same token, the cross elasticity of demand for Xij, with 
respect to the price of any other product in the same market, is directly related to 
the market share of that product (again, if n > ,/). 

The two bracketed coefficients in (26) each have two terms, reflecting the fact 
that a change in the price of a product affects demand for that product, or any 
other product in the same market, in two different ways. First, the price change 
alters relative prices of products in that market, bringing about a substitution effect 
measured by the first term. Second, the price change alters the price level in the 
market, bringing about a change in the size of the market itself, and this market- 
expansion effect is measured by the second term. In (25), market-expansion factors 
and share-adjustment factors are clearly separated, while in (26) they are 
scrambled in such a way as to focus attention on the effects of particular price 
changes. 

The percentage change in demand for Xij in value terms may be obtained by 
adding P to both sides of (25) or (26). After considerable manipulation it is 

found that this change, (pi,jj) is the same as shown in (25) or (26) except 
that ao and 7 are replaced by (as - 1) and (. - 1), respectively. 

30 
I indicates summation over all k, for k = 1,2, . . .j-l,j + 1, . ,m. 
k#j 
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In some practical applications, it may be feasible to introduce the further 
simplifying assumptions that 1 = 1 and that the fourth term of (26), or the third 
term of (25), is quantitatively insignificant. In this event, the percentage change in 
demand for Xo in value terms reduces to a relatively simple formula. Starting from 
(26) 

d(Pv,Xu1) dD dP ,j dP ik 

= . esdDD _ S,)---(dPi - dSk (27) 

The first term represents the growth of the market for Xi in value terms and the 
The first term represents the growth of the market for Xio, in value terms, and the 
second term represents the percentage change in the product's value share of the 
market. Of course, this result can also be derived directly from (25). 
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