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1. Introduction

Price and quantity indexes are widely used in Economics, especially for the measure-
ment of inflation and growth, for efficiency comparisons across firms, and for compar-
isons of living standards and the cost of living across countries and regions. A number
of alternative formulae have been proposed in the index number literature for making
bilateral spatial or temporal comparisons. The evolution of this literature is surveyed
in Diewert (1993). Over the last one hundred years, the formulae that have received
the most attention are Laspeyres, Paasche, Edgeworth, Walsh, Fisher, Tornqvist and
Vartia.! Irving Fisher (1922) considered a far larger selection of bilateral index number
formulae. However, the formulae listed above are the ones that to varying degrees have
stood the test of time.

There has been much debate in the index number literature on the appropriate
choice of formula. Two main schools of thought have emerged on this issue. The
axiomatic approach proposes a set of axioms that a price (quantity) index should satisfy.
It then discriminates between competing price (quantity) index formulae on the basis of
the axioms each formula satisfies and fails. It is worth noting that no formula satisfies all
of the axioms. The definitive reference on the axiomatic approach is Fisher (1922). The
Fisher index emerged as Fisher’s preferred formula, and was subsequently named after
him, even though it was originally proposed by Bowley in 1899 (see Diewert (1993)).
More recent contributions to the literature include Eichhorn and Voeller (1976) and
Balk (1995).2

The economic approach, by contrast, is firmly grounded in a utility maximization
setting. It assumes that observed quantities are the utility maximizing choices of agents

faced by prevailing prices. The object of measurement according to the economic ap-

LAll these formulae are defined later in the paper.
2The axiomatic approach has also been applied to multilateral methods which require comparisons

between three or more regions to be transitive (see Balk (1996), Diewert (1999), van Veelen (2002) and
Armstrong (2003)).



proach is the cost-of-living index which measures the change, from one period or region
to the next, in the minimum cost of reaching a given level of utility. The problem for the
economic approach is how to compute the cost-of-living index. Under the assumption
of utility maximizing behavior, Diewert (1976) showed that certain observable price
indexes exactly equal the cost-of-living index if the underlying cost function has a par-
ticular functional form. For example, the Tornqvist price index is exact for the translog
cost function. Diewert reasoned that we should prefer those price indexes that are ex-
act for flexible cost functions (i.e., cost functions that can approximate an arbitrary
linearly homogeneous cost function to the second order). He defined such price indexes
as superlative. Superlative quantity indexes are defined in an analogous manner.

Diewert’s superlative index number methodology seems to provide the perfect solu-
tion to the index number problem. Superlative indexes are firmly grounded in economic
theory (i.e., they approximate to the second order the underlying cost-of-living index),
and they are functions of observable prices and quantities, and hence are easy to com-
pute. In consequence, a clear consensus has emerged in the index number literature
that inflation and growth should be measured using a superlative index number for-
mula (see, for example, Triplett, 1996). As a result, the Bureau of Economic Analysis
in the United States recently switched from Paasche to Fisher (a superlative index) in
its computation of the GDP deflator (see Landefeld and Parker, 1997).

However, Diewert (1976) also showed that there are an infinite number of superlative
index numbers. Of the formulae mentioned above, the only ones that are superlative
are Walsh, Fisher and Tornqvist. These three formulae tend to approximate each
other closely in practice (although it should be noted that not all superlative indexes
approximate each other closely — see Hill, 2002). So the current consensus is that one
of these three formulae should be used, and that in practice the choice between them
is of little consequence.

This paper proposes a new axiom that, at first glance, seems very weak and which



at the same time seems fundamental. The axiom is problematic because it turns out
that all the formulae discussed above violate it, and moreover all but one of the known
superlative formulae also violate it. The exception is a “bad” superlative index that
one would never want to use in practice. The new axiom builds on a paradoxical re-
sult observed by Fox (1999). In the context of efficiency comparisons between firms
based on actual and minimal feasible cost estimates, Fox noticed that it is possible for
a multi-product firm to be more efficient at producing each product than any other
firm, yet it may not be the most efficient firm overall. This result has since become
known as the “Fox paradox” in the efficiency and productivity analysis literature (see
Fére and Grosskopf (2000)). It is shown here that this paradox is rather more pervasive
than previously realized. Using the new axiom, an impossibility theorem is derived.
Its implications for the construction of price and quantity indexes are discussed at the
end of the paper. Although the impossibility theorem does not necessarily change the
consensus, it is nevertheless important that researchers in the field and users of index

numbers should be aware that the formulae they are using violate this axiom.

2. Methodology and Notation

This paper will be motivated in the context of a comparison of the inflation or
growth rates of two regions (or countries). However, the comparison could equally well
be between two firms. The two regions are denoted by A and B. Let ¢ =1,..., N index
the basket of goods and services over which the price and quantity indexes are defined.
The price (quantity) of good i in time period ¢ in regions A and B is denoted by pi;
and pB (¢} and ¢Z), respectively. It is assumed that pi, pZ, ¢}, ¢Z > 0 Vi, t. Also, let
s{i denote the share of total expenditure in time period ¢ on good ¢ in region j.
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chvzl ka qgk

J o
St =



(i) Superlative Indezxes

Diewert (1976) defines a quantity (price) index as superlative if it is ezact for a
flexible aggregator (unit cost) function. The concepts of exactness and flexibility are
defined as follows: an aggregator (unit cost) function is flexible if it can provide a
second order approximation to an arbitrary linearly homogeneous aggregator (unit cost)
function. A quantity index @12 is ezact for the aggregator function f(q) if utility (profit)

maximization implies that
f(g2)
f(a1)

where f(q2)/f(¢q1) is an implicit Koniis (1924) quantity index. Similarly, a price index

= Q127

Pys is exact for the unit cost function ¢(p) if utility (profit) maximization implies that

c(p2)
c(p1)

:P127

where ¢(p2)/c(p1) is a Koniis (1924) cost-of-living index.
Diewert then shows that all quadratic-mean-of-order-r quantity indexes and price
indexes are superlative.®> These indexes, which differ by the parameter r € (—o0, +00),

are defined as follows:
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3The quadratic-mean-of-order-r quantity index is exact for the quadratic-mean-of-order-r aggrega-

tor function, which is itself flexible. Likewise, the quadratic-mean-of-order-r price index is exact for

the quadratic-mean-of-order-r unit cost function, which is also flexible. See Diewert (1976).



A second family of superlative quantity indexes and price indexes can be derived

implicitly as follows:

~ri 1 Efvzlpzi%i (3)
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Py = : (4)
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The attraction of superlative index numbers is that they approximate to the second
order the underlying cost-of-living index, while at the same time being easy to compute
since they are functions of observable prices and quantities. It is not clear that economic
theory can be used to discriminate between different values of r, since the quadratic-
mean-of-order-r aggregator function is flexible for all values of r. However, for certain
values of r the superlative formula simplifies in an intuitively appealing manner. For
this reason attention has focused primarily on three superlative formulae. These are
the Tornqvist (r = 0), Walsh (r = 1 in the implicit superlative formula) and Fisher
(r = 2) indexes defined below:
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Walsh : Py =

Fisher : P = (

(i) The Vartia Index
Vartia (1974, 1976) proposed the following variant on the Térnqvist index. Its
properties are also discussed by Sato (1976) and Diewert (1978).
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where L is a logarithmic mean function which is defined as follows:

—b
L(a,b)—ai for a,b >0, a#b and L(a,a) = a.

" Ina—1Inb

Unlike Térnqvist, Vartia is not superlative (although it is pseudo-superlative — see
Diewert, 1978). However, Vartia does have the advantage of satisfying the strong factor
reversal test, i.c., if P/, and QJ, are computed using the Vartia formula, then

Zf\il DP2iq2;

Y
PjyQ1y = N .
Ei:1p1¢Q1i

By contrast, the Fisher index is the only known superlative index that satisfies the

strong factor reversal test (i.e., Pjy = P}y and Q7 = Q7 only if r = 2).

(#ii) Pure Price Indexes
Diewert (2002) defines a price index as pure if it can be written in the following

form:
N J J
> im1 D2iGx;

J
P12 - ZN j g
i=1 P1i4%;

, (10)

where q§( denotes a reference quantity vector that may equal q{, qg or some combination
of q{ and qé. It is assumed that qgﬁ > (0 Vi. Four pure price indexes, in particular, have
received attention in the index number literature. If ¢% = ¢/, then (10) reduces to
a Laspeyres price index. Conversely, if qg( = qg, then (10) reduces to a Paasche price
index. If ¢&; = (¢}; +};)/2, then we obtain the Edgeworth price index. If ¢, = \/M :
then we obtain the Walsh price index, }3112’j . This is the only known superlative price
index that is also pure.

Corresponding quantity indexes can be derived implicitly from pure price indexes
using the factor reversal test. The implicit indexes derived from the Laspeyres, Paasche,
Edgeworth and Walsh price indexes, respectively, are the Paasche, Laspeyres, implicit

Edgeworth and implicit Walsh quantity indexes.



(iv) Pure Quantity Indezes

A quantity index is pure if it can be written in the following form:

N .
i Dic1 p7Xi(12i
12 — N j g

i=1Pxiq1i

(11)
where pg( denotes a reference price vector that may equal p{, p% or some combination of
p{ and p%. It is assumed that pgﬁ- > (0 Ve If p]X = p{, then (11) reduces to a Laspeyres
quantity index. Conversely, if pg( = pé, then (11) reduces to a Paasche quantity index.
If q&i = @ , then we obtain the Walsh quantity index, Q}g . This is the only known
superlative quantity index that is also pure.

The implicit indexes derived from the Laspeyres, Paasche and Walsh quantity in-

dexes, respectively, are the Paasche, Laspeyres and implicit Walsh price indexes.

3. An Impossibility Theorem

Here we define three axioms relating to price indexes. Analogous axioms could be
defined for quantity indexes.

Phi Pz
Al (i) > (;) for i=1,...,N = P4~ pB
Dii D1

A2. lim Pl, = <p5> for i=1,...

J J
51,18, —1

A3. P, is a continuous function of p;, ¢l; for t = 1,2

andi=1,...,N

The axiom Al states that if the price relative in region A is higher than in re-
gion B for every single commodity, then the price index for region A should exceed

that for region B. The axiom A2 states that, in the limit, as the expenditure share of



commodity ¢ in region j tends to one in both periods 1 and 2, the price index of re-

gion j should equal the price relative of commodity i. The axiom A3 is self-explanatory.

Theorem. There does not exist a price index formula PY, : RN — R, that satisfies A1,
A2 and A3 for all possible price and quantity vectors p!, ¢/ > 0, where j = A, B and
t=1,2.

Proof. Suppose there exists a price index formula P/, that satisfies A1, A2 and A3.
Suppose further that ps/pt > pB /pB Vi. Tt follows from Al that P{j > P5. We now

order the NV commodities as follows:

A A
Por . P2;
T M= N\ —x |
P11 ;

B

B
DPon Da;
B = maX;=1,. N B |-
Pin P,

Suppose also that ps, /pd < pPy/pPy. Now it follows from A2 that

Py DS

. 21 2N .

B hm4 Py = S <5 = lim PE.
sy~ Lsy—1 P11 Pin spv—LsPy—1

Since pit,pE,qi,qE > 0 Vi, t, the expenditure shares si|, s3y, sPy and sP; must all

be strictly less than one. However, it follows from the continuity axiom, A3, that by
making the expenditure shares s{\, s3, sP; and s5y sufficiently large, the price index
formulae, P{3 and P5, can be brought arbitrarily close to the price relatives p3, /pf, and

pPy/pBy, respectively. Thereby Al is violated, contradicting the original assumption.

Q.E.D.

4. Implications of the Theorem

(i) Laspeyres, Paasche, Vartia and Superlative Indezes
The Laspeyres price index formula can be expressed as a weighted arithmetic mean
of the price relatives, with the weights given by the expenditure shares of period 1.

Pl =3 s (”j) (12)

i=1 P
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Similarly, the Paasche price index formula can be expressed as a weighted harmonic

mean of the price relatives, with the weights given by the expenditure shares of period 2.

; : (p{z } 1)

It is easily verified from (12), (13) and (8), respectively, that Laspeyres, Paasche

J o
Py =

and Vartia price indexes satisfy A2 and A3. Similarly, from (1), (2), (3) and (4) it is
clear that, for |r| < oo, P, and P!, also satisfy A2 and A3. It follows, therefore, from
the impossibility theorem that these price index formulae all violate Al.

Using the limiting properties of mean value functions (see Hardy, Littlewood and
Pélya, 1934), it can be shown that, in the limit as |r| tends to infinity, the superlative

price index depends only on the smallest and largest price relative.*

4 4 J J
lim P = lim Py = Jminizl,...,zv <pf> maX;=1,...N (292) (14)

= Jj
e P P

It follows immediately from (14) that lim,|_e P} satisfies A1 and A3, but violates A2.

(ii) Pure Price and Quantity Indezxes

Although Laspeyres and Paasche price indexes satisfy A2, pure price indexes, in
general, do not. Nevertheless, these indexes still violate A1. The reason for this becomes
clear if the formula for a pure price index is expressed as a weighted arithmetic mean

of the price relatives:
P= ot (%)) (15)
i=1 Pi;
where o

S{Xi _ ijlz‘q])‘(i _

> k=1 DIkTxk
It follows immediately from (15) that pure price indexes satisfy the following condition:
lim P/, = (pé
P1i

J
leiﬁl

) Vi. (16)

4This result was derived by Allen and Diewert (1981, footnote 13).



Since the assumption that 5{ x; — 1 for commodity 7 does not in itself impose any
constraint on the price relatives, a similar example to the one used to prove the theorem
can be used to show that, by satisfying the condition in (16), a pure price index must
violate A1l for any allowable reference quantity vector gx > 0.

Pure quantity indexes likewise fail the quantity index equivalent of A1. To see why
it is useful to write the formula for a pure quantity index as follows:

N J
{2 = ng(li (q?l> , (17)
i=1 1i

where
joJ
Pxi41;
N joJ
> k=1 Pxrdik

It follows from (17) that pure quantity indexes satisfy the following condition:

Jj
Sx1 =

lim @, = (3) Vi. (18)
J 1

X1 ai;
Again, it can be shown that, by satisfying this condition, a pure quantity index must
violate the quantity index equivalent of Al for any allowable reference price vector
px > 0.
Even if regions A and B use the same reference quantity (price) vector, pure price
(quantity) indexes will still violate A1 (or its quantity index equivalent). This is because

the expenditure share vectors s}y and s, will, in general, still differ across regions.

5. Conclusion

We have shown that all the main bilateral price index formulae, including all but one
of the known superlative indexes, violate axiom A1l. This result is rather disconcerting
given that this axiom seems so fundamental. No consolation can be derived from the
one superlative price index that satisfies A1. The exception is lim,| . P[5. It is hard to

defend using this price index formula since it depends only on the smallest and largest
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price relatives (see equation (14)). Even pure price and quantity indexes that use the
same reference quantity or price vector for all regions fail Al.

The only way to ensure that a price index satisfies Al is for it to depend only on the
price vectors of the two periods being compared. Diewert (1995) refers to such indexes
as elementary indexes. They are also sometimes referred to as unweighted indexes,
since they do not weight the price relatives by their corresponding expenditure shares.
It should be noted that limj,|—., P{, is an example (admittedly a rather unusual one) of
an elementary index. The literature on elementary price indexes is surveyed in Diewert
(1995). However, it is hard to justify the use of elementary price indexes except in cases
where expenditure shares are unavailable, as is the case at the most disaggregated level
in the consumer price index (CPI). Therefore, desirable as the axiom Al may be, the
price that must be paid to satisfy it is too high.

An alternative approach might be to abandon price and quantity indexes in favor of
price and quantity indicators. The former and latter decompose into price and quantity
components a value ratio and value difference, respectively. The literature on price and
quantity indicators was developed in the 1920s by Bennet and Montgomery, but was
then largely ignored until the 1990s when it was revived by Diewert (1998) and Balk,
Fére and Grosskopf (2000). Price and quantity indicators are particularly useful to
accounting theory for the analysis of budgeting performance, and for consumer surplus
analysis (see Diewert (1998)). Fére and Grosskopf (2000) argue, in the context of the
efficiency and productivity analysis literature, that the Fox paradox can be avoided
by using a difference rather than ratio measure of efficiency. However, in our context,
indicators are no better than indexes. For example, consider a Laspeyres-type price
indicator, denoted here by Ppy. Tt is related to a Laspeyres price index, denoted by P,

as follows:

5 - al 21‘\11 D2iq1;
ISP ZP%QM - ZPMQM = 21\77 —1= Py —1. (19)
i=1 i=1 > im1 P1iqui

It is clear from (19) that Py, will fail the indicator equivalent of Al. It remains to be

11



seen whether all the main indicators fail the indicator equivalents of Al.

In conclusion, it is important that researchers and users should be aware of the fact
that all the major price index formulae violate Al. Nevertheless, this does not mean
that the whole literature on weighted index numbers is flawed. On closer inspection, it
is not clear that we should even desire price indexes to satisfy A1. This is because not
all price changes are equally important. A consumer is much more concerned about an
increase in the price of a good that constitutes a large share of her total expenditure than
over an increase in the price of a good that she rarely purchases (and when purchased
constitutes a small share of her total expenditure). Once one accepts that price indexes
should incorporate this fact, then it follows immediately that we cannot expect a price

index to always satisfy Al.
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