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The linear expenditure system
The linear expenditure system (LES) is the preferred functional form in the ORANI school of CGE modelling. It enables the practitioner to implement a system of household demands with n-1 expenditure elasticities and a Frisch “parameter” in a model with n household commodities. This is sufficient to capture the salient features of household demands that are uncontroversial:
· Basic food items follow Engel’s law with income elasticities of less than 1.0;
· Commodities usually regarded as highly income elastic (around 2.0) include ownership of dwellings and air transport.
All commodities in LES are weak complements. In typical aggregations in which commodities are relatively broad aggregates, this is defensible. An issue arises when commodities are highly disaggregated, although in practice, specific substitution will only arise between commodities more finely disaggregated than in most CGE models.
Specific substitutability in a model with an LES specification
Examples in which we may wish to have specific substitutability include different types of meat, different types of fruit and different forms of tourism. In the case of different meat and fruit types, we can introduce specific substitutability via a CES of the different types. A homothetic nest means that individual meat or fruit types in a given substitutable nest have a nested expenditure elasticity instead of individual expenditure elasticities.
Dixon and Rimmer (2003) devised a detailed treatment of tourism in the USAGE model. Holidays and Foreign Holidays are two separate “industries”, which consist of moving holiday-related expenditures from elsewhere to intermediate inputs into these two new “dummy” industries, without any primary inputs. The entire sales of Foreign Holidays are set equal to the imported purchases of Holidays. This means that Holiday and Foreign Holidays form a standard nest in the domestic/import dimension instead of a sub-LES CES nest in the commodity dimension, as in the case of meat and fruit above.
Derivation of LES ORANIG03 style equations

The utility function (U) splits household spending on each commodity (XHOUc) into two, a subsistence component XSUBc that depends only on the number of households (N) and preferences, and a luxury component, XLUXc, which depends on prices and income in a Cobb-Douglas form. is the marginal budget (i.e., aggregate spending minus aggregate subsistence spending) share of commodity c.

					(1)
Aggregate spending (WHOU) is of the form:


	(2)
From this, we obtain the linear expenditure function, where P3c is the price faced by household consumers of commodity c:

 		(3)
Aggregate subsistence expenditure WSUB depends only on consumer prices for each commodity, and the number of households N, as per capita subsistence quantities XSUBc subject to given preferences are constant.  

						(4)
The Frisch parameter is the (negative) ratio of total expenditure to luxury expenditure, where WSUBc is subsistence or committed spending on each commodity:


Frisch = -WHOU/[WHOU – WSUBc]			(5)
The ORANI school (Dixon et al., 1982) typically assigns an absolute Frisch ratio of -1.82 to a model. 

The expenditure elasticity EPSc is equal to the marginal budget share divided by the budget share) for each commodity:
EPSc = c/[P3c.XHOUc/WHOU]					(6)

BLUXc is the ratio of luxury expenditure to total expenditure on each commodity, given by:

		(7)
Substituting equations (5) and (6) into equation (7):

					(8)

Next, we calculate the matrix of price elasticities implied by LES. By differentiating equation (3) with respect to P3d, we calculate the off-diagonal elements of the price elasticity matrix (cd):

	(9)

cd =					(10)
The SHOU terms are commodity budget shares (=P3c.XHOUc/WHOU).
We obtain the diagonal elements by dividing equation (3) by P3c and differentiating w.r.t P3c:



 +		
 	(11)
Substituting equations (6) and (10) into equation (11), we obtain the own-price elasticity formula:

cc =							(12) 
Avoiding Cobb-Douglas household demands
If the subsistence quantities of household expenditures remain fixed, the ever-diminishing share of these quantities in household spending results in the Frisch parameter moving towards -1.0 and expenditure elasticities converging on 1.0. In a rapidly growing economy, this may happen in a dynamic simulation over a few years. 
Modification to the demand system to diminish the tendency towards Cobb-Douglas include Cooper and McLaren (1992) and Rimmer and Powell (2003).
The intent of this note is to record a minor modification to a model based on the ORANIG03 model. The ORANIG03 code does not use the general household demand equation and impose the elasticity restrictions implied by LES. Rather, the percentage change equations for luxury and subsistence demands are derived directly from the linear expenditure function as shown above. The code of the LES implementation in ORANIG03 TABLO format follows.
Coefficient
                V3TOT # Total purchases by households #;
               FRISCH # Frisch LES 'parameter'= - (total/luxury) #;
 (all,c,COM)   EPS(c) # Household expenditure elasticities #;
 (all,c,COM)  S3_S(c) # Household average budget shares #;
 (all,c,COM) B3LUX(c) # Ratio, (supernumerary expenditure/total expenditure) #;
 (all,c,COM) S3LUX(c) # Marginal household budget shares #;
               EPSTOT # Average Engel elasticity: should = 1 #;
Read   FRISCH from file BASEDATA header "P021";
          EPS from file BASEDATA header "XPEL";
Update (change)            FRISCH = FRISCH*[w3tot - w3lux]/100.0;
       (change)(all,c,COM) EPS(c) = EPS(c)*[x3lux(c)-x3_s(c)+w3tot-w3lux]/100.0;
Formula
                V3TOT = sum{c,COM, V3PUR_S(c)};
 (all,c,COM)  S3_S(c) = V3PUR_S(c)/V3TOT;
             EPSTOT   = sum{c,COM, S3_S(c)*EPS(c)};
! Below is optional and slightly unorthodox: EPS is reinitialized to scaled
  value; otherwise EPS values drift in many-period simulation !
(initial)(all,c,COM)  EPS(c)  =   EPS(c)/EPSTOT; ! ensure average EPS=1 !
 (all,c,COM) B3LUX(c) = EPS(c)/ABS[FRISCH]; ! initial sign of Frisch ignored !
 (all,c,COM) S3LUX(c) = EPS(c)*S3_S(c);
Write  S3LUX   to file SUMMARY header "LSHR";
       S3_S    to file SUMMARY header "CSHR";
Equation
 E_x3sub # Subsistence demand for composite commodities #
  (all,c,COM) x3sub(c) = q + a3sub(c);

 E_x3lux # Luxury demand for composite commodities #
  (all,c,COM) x3lux(c) + p3_s(c) = w3lux + a3lux(c);

 E_x3_s  # Total household demand for composite commodities #
  (all,c,COM) x3_s(c) = B3LUX(c)*x3lux(c) + [1-B3LUX(c)]*x3sub(c);

 E_utility # Change in utility disregarding taste change terms #
  utility + q = sum{c,COM, S3LUX(c)*x3lux(c)};

 E_a3lux # Default setting for luxury taste shifter #
  (all,c,COM) a3lux(c) = a3sub(c) - sum{k,COM, S3LUX(k)*a3sub(k)};

 E_a3sub # Default setting for subsistence taste shifter #
  (all,c,COM) a3sub(c) = a3_s(c) - sum{k,COM, S3_S(k)*a3_s(k)};

 E_x3tot # Real consumption #
  x3tot = sum{c,COM, sum{s,SRC, [V3PUR(c,s)/V3TOT]*x3(c,s)}};
The objective of the modification is to enable the Frisch “parameter” or ratio to remain within reasonable bounds. We can do so with the addition of the variables asub_c and wfrisch. The existing equations E_xsub and E_alux are modified as shown. The new equation E_wfrisch allows us to change the Frisch ratio. 
Variable
(all,d,Dst)asub_c(d) # Frisch shifter #;
(all,d,Dst)wfrisch(d);
 
Equation
 E_xsub # Subsistence demand for composite commodities #
  (all,c,COM)(all,d,DST) xsub(c,d) = nhou(d) + asub(c,d) + asub_c(d);
 
 E_alux # Default setting for luxury taste shifter #
  (all,c,COM)(all,d,DST)
   alux(c,d) =asub(c,d) -asub_c(d) - sum{k,COM, SLUX(k,d)*[asub(k,d)-asub_c(d)]};
 E_wfrisch (all,d,Dst)wfrisch(d) = whoutot(d)-wlux(d);
The RunDynam ingredients found in this archive concern a three region version of SinoTERM. The simulation is run over the years 2006 to 2030. In this time, aggregate consumption increases nationally by 785%. Without a taste shifter to increase consumption of subsistence quantities, the Frisch parameter moves close to -1.0 by around halfway through the simulation (see Figure 3). 
The objective of this simulation is to start the Frisch “parameter” at a defensible level in a nation which in the initial year is developing but still far short of being a high income country. In 2006, the initial year, the Frisch “parameter” for all three regions of the model is set at -2.5. The variable asub_c is made endogenous, so as to allow wfrisch to be exogenous and shocked. The shocks to wfrisch are set at -0.15 multiplied by the regional aggregate consumption growth. 
Figure 1 shows the change in the level of the Frisch “parameter” over time by region.
Figure 1: Frisch “parameter” over time with asub_c endogenous
[image: ]
The Frisch “parameter” moves from -2.5 to around -1.75 in a period in which aggregate consumption increases by 785% (and population grows less than 10%). 
Figure 2: Expenditure elasticities over time with asub_c endogenous
[image: ]
Figure 2 shows that the expenditure elasticities move little over time relative to their initial levels. 
Figures 3 and 4 show the respective Frisch “parameters” and elasticities without the wfrisch shocks. 
Figure 3: Frisch “parameter” over time: no wfrisch shock 
[image: ]
Figure 4: Expenditure elasticities over time: no wfrisch shock 
[image: ]
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