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1.  Introduction

The cost of capital is a key determinant of the behaviour of producers.  Microeconomic theory tells us that, in the presence of diminishing returns to a variable factor in the short run, optimising producers will increase their usage of primary factors until the nominal benefit derived from the marginal unit (its marginal revenue product) falls to equal its price.  As such, the growth of the firm, the level of its profit and its value to shareholders are all heavily dependent on the cost of capital.

Modigliani and Miller (1958) showed that in the presence of perfect certainty and in the absence of taxes, the firm will be indifferent between the various sources of capital available to it.  Stiglitz (1973) showed that, assuming real economic depreciation is deductible and investment is financed at the margin by debt, the cost of capital is the rate interest.  King (1974) developed an optimising framework to analyse the financial incentives of firms in both classical and dividend-imputation company tax systems, and showed that taxation can act to make the costs of various capital sources diverge.  Under these circumstances, it is not possible to determine a generic cost of capital function for a firm, because this is then dependent on the firm’s financial policy.  Auerbach (1979) provides further support for the concept of the relevance of the source of finance for determining the firm’s cost of capital.  Benge (1997) analysed the financial incentives facing firms under Australian tax conditions, and found that the introduction of full dividend imputation should have removed any debt–equity biases, except in the presence of inflation with capital gains tax indexing.

The model described in this paper follows an approach developed by King (1974 and 1977) and Benge (1997 and 1998).  We develop an expression for the value of a corporate enterprise to its shareholders under various conditions, including the presence of realisation-basis capital gains taxation, and solve a constrained optimisation problem to determine the firm’s cost of capital.  This research is motivated by a desire to enable CGE modelling of reforms to business taxation.

This paper provides a brief and relatively simplified exposition of the intuition behind this model and discussion of one of the many cost of capital expressions that can be derived from it.  A more thorough discussion, including the technical details of the derivation of the various expressions, is available from the author.  A list of all symbols used in the paper is included as an appendix.

2.  The Value of the Firm

2.1.  No Taxes

The firm’s objective at any point in time is to maximise the value of existing shareholder equity.  The total value of the firm at any point in time is defined as the sum of pre-existing shareholders’ equity and the value of new equity issues,
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where
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is total equity in the firm at the beginning of period t,
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is pre-existing equity at the beginning of period t, and
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is the total value of new share issues in period t, which always occur at the beginning of the 
period, and occur ex-dividend.
New share issues dilute the holdings of existing shareholders, and therefore we need to account for this in determining the value of a current shareholder’s equity.

Shareholders contribute financial capital to the firm in return for income distributions received as dividends and capital gains.  Further, these investors have alternative investment opportunities for their capital, and thus will compare the rate of return on various investments to determine the structure of their portfolios.  We assume that the opportunity cost of shareholders’ funds in any period t is determined by the cash rate, which we assume reflects a riskless required rate of return on equity investment.  In a one period problem in the absence of taxes, arbitrage behaviour in financial markets ensures that equilibrium is characterised by 
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where 
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 is the cash rate in period t, and

Dt is the dividend payable in period t on period t-1’s operations.

Expression (2) says that, in equilibrium (i.e. after all arbitrage opportunities are exhausted), the rate of return on holding equity (dividends and accrued capital gains) will equal the investor’s discount rate.

Extending this, and using (1) and (2), we set up a discrete time, multi-period problem with perfect foresight and solve for V0.


[image: image7.wmf](

)

(

)

0

1

11

11

N

T

tt

T

tT

t

ss

ss

DV

V

V

ii

=

==

éù

êú

-

êú

=+

êú

++

êú

ëû

å

ÕÕ

,







(3)
where V0 is the value of the firm today.  Expression (3) says that the value of the firm today is equal to the present value of the sum of all future dividend payments minus new equity issues, plus the present value of the firm in the terminal period
.

In a typical inter-temporal model of investment, the terminal constraint is assumed away by the application of a transversality condition

if
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which states that, as long as the present value of the terminal constraint remains bounded as t approaches infinity, the right-most term of (3) approaches zero.  This can probably best be understood by understanding what behaviour it rules out.  According to the arbitrage condition (2)¸ for the firm’s value to grow at a rate faster than i requires the payment of negative dividends.  Thus, the transversality condition rules out the possibility of a firm growing faster than i for ever while paying negative dividends.
Applying this, (3) becomes
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(4)
Expression (4) says that the present value of equity in the firm is equal (in equilibrium) to the sum of all future dividend streams minus any new share issues.

2.2. Income Taxes

Adding a generic income tax (denoted IT) to the problem, we see that (2) becomes
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(5)
which extended to an infinite horizon and solved for V0 becomes
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(6)
Expression (6) defines the vale of the firm as the present value of the sum of all after-income-tax dividends minus new share issues.  Because interest income is taxable, the discount factor is now the after-tax cash rate.

2.3.  Capital Gains Taxes

Adding a generic accrual-basis capital gains tax to (5) provides
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(7)
and solving for 
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 across an infinite horizon, we have
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(8)
The capital gains tax terms enter this expression in two ways.  Firstly, the terms in the denominator of the tax coefficient on dividends and in the denominator of the discount factor act to weight the dividend stream to retain the relativities between dividends and new issues.  This particular formulation is the result of an algebraic convenience in which we choose to state the expression without tax coefficients on the new-share-issues variable.  The product of these terms in the denominator of the discount factor for all periods prior to period t acts to dilute the value of the firm (by increasing the value of the discount factor) to take account of the way in which capital gains tax payments in prior periods dilute the value of the shareholder’s equity.  Every dollar paid in capital gains tax is equivalent to not receiving one dollars worth of discounted future earnings.  The capital gains tax term in the numerator of the discount rate acts to subtract the base-value of the firm for the capital gain calculation in any period.

Adding allowance for

- Different company taxation systems (classical and dividend imputation),

- Different capital gains tax systems (accrual basis and realisation basis, real and nominal),

significantly complicates (8), providing
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(9)
where
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(10)
(t
is the proportion of a shareholder’s total holdings that are realised in period t, and
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imposes accrual-basis capital gains taxation, and
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imposes realisation-basis capital gains taxation.

Expression (10) defines an effective, accrual-equivalent rate of capital gains tax.  This enables us to model a realisation-basis capital gains tax like an accrual-basis tax, which has the benefit of significantly simplifying the expressions in the model without compromising the economic content of the treatment of the capital gains tax systems.

Expression (9) could be used independently as a means of analysing business tax changes.  By knowing how taxation effects the value of the firm we can infer something about the rate of return from investment in the firm and the willingness of investors to provide financial capital.  This approach takes the firm’s revenues and shareholder distributions as given.  Outlined below is a more comprehensive model of a firm which takes (9) as an objective function and solves for the optimal values of the firm’s various choice variables (including revenues and distributions).

3.  Constraining the Firm’s Behaviour

The firm’s objective is to maximise (9) subject to a series of constraints.  This amounts to a profit maximisation problem with the net-present value of “profits” to the residual claimants (shareholders) as the maximand.  The constraints on the firm’s behaviour are

Cash flow – the firm’s ability to pay dividends is determined by the net outcome of its cash flows.  Its sources of funds are revenues from operations, debt issues and new equity issues.  Its uses of funds involve expenditures on primary factors (labour, intermediate goods, capital [i.e. investment]), servicing of outstanding debt, and company income taxation.

Company tax - the firm’s tax liability is a function of its taxable income, which is equal to revenues minus labour costs, intermediate goods costs, interest, and depreciation and expenditure allowances on capital.

Financial leverage – the firm faces an upward sloping supply curve for debt finance.  As the ratio of its outstanding debt to the total value of the capital stock increases, the interest payable on new debt issues increases as well.

Product price – the firm faces a negatively sloped demand curve for its output with a constant own-price elasticity of demand.

Inequality constraints – we apply non-negativity constraints to investment, dividends (to reflect commercial law and market constraints), debt (so the firm cannot behave like a bank), new equity issues (we rule out share buy-backs), and to the relationship between the firm’s payment of franked dividends and its franking account (reflecting commercial law).  The relevant complimentary slackness conditions are applied to the model to ensure that the various non-negativities are maintained.

4.  Financial Policy

A firm can choose (up to) four different types of finance – retention of unfrankable earnings. retention of frankable earnings (only relevant to firms in a dividend imputation system), debt, and equity.  It makes this choice subject to a comparison of the costs of each source of finance to shareholders at the margin, which differ due to the various and disparate tax and tax-allowance treatments of each.

In basic terms, we can summarise the costs of each source as follows:

Retained earnings (unfrankable and frankable) - the after-tax value of the foregone dividend.

Debt - the net of tax (with deductible interest) present value of the stream of interest payments and principal.

New equity - the after-capital-gains-tax present value of the stream of earnings foregone by existing 

shareholders due to the dilution of their proportionate holdings in the total value of the firm.

The results allow us to determine an ordering of financing options in terms of their cost to shareholders, which we implement by setting the values of the various slack variables in the optimisation problem.

The model generates a unique set of cost-of-capital expressions for any particular financing policy.  Below we present an illustrative example for a firm operating in the Australian tax system based on the following assumptions:

- Company tax rate 30%,

- Personal income tax rate 33% (mean),

- Full dividend imputation,

- Statutory capital gains tax rate 16.5% (33%*0.5), no indexing, no averaging,

- Underlying riskless interest rate 6%,

- Interest is deductible for firm and individuals,

- Annual realisation rate of 0.1.

These parameter values determine that the firm’s preferred financing sources in descending order are: retained unfrankable earnings, new equity, debt, and retained frankable earnings.  With any given ordering we can have a number of outcomes depending on the prior profitability of the firm and the requirement for funds in the current period.  This firm could, depending on its needs, finance investment entirely out of retained unfrankable earnings, or require additional funds from new equity, or even debt.  As it issues new equity, the firm’s financial leverage falls and reduces the cost of issuing debt, and so as we increase the size of investment in the current period or reduce the firm’s earnings from prior periods, it becomes more likely that the firm will issue equity and debt.  This particular firm will never retain frankable earnings because doing so will always have a higher cost to shareholders than the other options.

5.  The Cost of Capital

The firm’s cost of capital is found via the solution to a Kuhn-Tucker problem.  Under the assumption that the firm will continue to invest until the marginal revenue product of capital is equal to the value of its marginal cost, we can manipulate the various first order conditions to determine the cost of the firm’s capital under optimising conditions.  For illustrative purposes we present below a cost of capital function for a generic Australian corporation.


[image: image20.wmf](

)

(

)

(

)

2

1

2

1

1

1

1112221

111

11221

1

11

111

1111

t

t

tt

b

ttttttttt

ttttt

ttttttt

a

Y

AK

cccbsB

qq

cccqK

h

hr

r

h

qqq

fd

qf

+

-

-+

+

+

+

+++++++

+++

+++++

éù

-

éù

=

êú

êú

ëû

ëû

éù

éùéù

éùéùéùéùéù

----

êú

-X--X-+

êúêú

êúêúêúêúêú

----

êú

êúêú

ëûëûëûëûëû

ëûëû

ëû

  (11)
The left hand side of (11) is the before-tax marginal revenue product of capital, while the right hand side is the value of the marginal cost of capital
.  It is helpful to analyse each of the four components of the cost of capital function separately.
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This term “grosses up” the right hand side of (11) to allow us to define the left hand side of the expression as the before-tax value of the marginal revenue product of capital.  An extra unit of capital installed in period t generates revenue in period t+1.  An increase in the income tax rate in period t+1 will therefore reduce the after-tax return from this new capital to the firm’s residual claimants.  Put another way, an increase in the personal income tax rate of the shareholder in period t+1 will increase the cost of capital to the firm in period t, because it increases the required before-tax rate of return on the new unit of capital necessary to satisfy the shareholder’s arbitrage condition.
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This term details the net-of-tax and tax-allowances purchase price of a unit of capital in year t.  The purchase of a unit of capital in period t requires funds - whether the new capital is financed internally or externally, the opportunity cost of these funds (in a dividend imputation system) is the franked dividend that would otherwise have been paid.  For a shareholder, the cost of these funds is the after-tax dividend foregone.  Due to dividend imputation, the only tax rate relevant to the shareholder is the personal income tax rate – hence, the company income tax rate does not appear.  Therefore, as the personal income tax rate applicable in the period of the purchase increases, the opportunity cost of the funds used to purchase the capital is reduced.  That is, the increase in the income tax rate in period t causes a decrease in the size of the after-tax dividend foregone by the shareholder.  Keep in mind, however, that an increase in the personal income tax rate will also reduce the value of the alternative investment that we assumed in the arbitrage condition and, therefore, the investor’s discount rate.  Thus, as the personal income tax rate increases, the rate at which investors discount cash flows will also decrease, and so the cost of the purchase will again be reduced – as seen from one period ahead.

The new unit of capital for this firm will also cause an appreciation in the value of equity.  This firm’s first source of finance will always be to retain any unfrankable earnings.  In the period in which these earnings are retained and the new capital is purchased, this causes a substitution between types of distribution – a reduction in the payment of dividends and an increase in the “payment” of a capital gain - distributions which are taxed in different ways.  We can think of the new unit of capital as reflecting a change in the composition of shareholders’ assets – a reduction in liquidity (the dividend foregone) for an increase in income generating assets (the new physical capital).  Put another way, the shareholder foregoes current income for a stream of future income.  The value of this future income is reflected in the resulting capital gain and is taxed at the capital gains tax rate
.  The higher is the capital gains tax rate, the higher is the capital gains tax liability that this imposes on the shareholder.  Thus, as the CGT rate in period t gets larger, so too does the cost of capital.  The reason that the personal income tax rate and the capital gains tax rate have different signs in this expression is because the shareholder forgoes a dividend and receives a capital gain due to the capital purchase in period t.  Thus, an increase in dividend taxation reduces the net loss to the shareholder, while an increase in the capital gains tax reduces the net gain.

Deductible depreciation and investment allowances also play a role.  These deductions are, strictly speaking, related to the rate of company taxation, but have a dual impact via an effect on revenue and the firm’s ability to distribute franking credits.  The deductions reduce the firm’s company tax, but also reduces its ability to pay franked dividends.  Further, the transfer of tax credits to the shareholder by the full imputation system passes these deductions onto the shareholder dollar for dollar – just as tax paid at the company level is credited to the shareholder for personal income tax calculations, any deductions are effectively tax not paid that is passed onto the shareholder.  In effect, a tax deduction reduces the payment of franked dividends, increases the level of retained unfrankable earnings, increases the value of the firm via the effect on firm’s balance sheet, and thus causes this “income” to bear capital gains tax rather than income tax.  As such, an increase in deductions has two effects: it causes a decrease in the cost of purchasing capital because a higher level of deductibility causes the loss to shareholders due to a reduction in dividends that could have been paid if not for the purchase, while there is an increase in the cost of capital because the increase in retained earnings due to lower tax payments causes a larger capital gain and thus larger capital gains tax payments.  The net outcome is determined by the relative sizes of the income and capital gains tax rates.

In the presence of the realisation based capital gains tax, the capital gains component of this calculation is partly dependent on the rate of share realisations.  As shareholders increase the rate at which they realise shares, the value of capital gains tax liabilities increases, an thus so too does the cost of capital.  This compounded by the fact that, as shareholders increase the rate at which they realise their shares, the value of 
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This term captures the net residual value of the new unit of capital at the end of period t+1 after it has physically depreciated through use.  This term tells us something about the ongoing benefits of a unit of new capital.  An increase in the rate at which capital physically depreciates will increase the cost of a new unit because it implicitly increases the capital component of the cost of production each year for any given level of productivity.

Notice also that the asset price of capital in period t+1 enters this expression.  Asset price inflation between periods t and t+1 will decrease the cost of capital to the firm, because the residual value of the capital left over at the end of period t+1 increases.  From another perspective, if the firm was to liquidate its assets at the end of period t+1, it would receive more for the residual of the marginal unit of capital than otherwise.

With respect to the tax terms and the tax allowances, a similar logic to that used in our discussion of the previous term explains their role, only in this case with the opposite sign on all of the variables because it is now a sale rather than a purchase from the firm’s perspective.  To a potential purchaser of this residual capital, a change in any of these parameters has the same affect as it did for the original purchaser when that decision was being made.
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This captures the role of the increase in the capital stock on the firm’s financial leverage and, thus, the cost of capital via the cost of issuing debt.  We have assumed that – if a firm finances a unit of capital in period t by a debt issue in period t – it will benefit from the revenue generated by the new capital in period t+1.  Further, we have assumed that the interest rate payable on this debt issue in period t is partly determined by the capital stock available in period t (i.e. Kt-1), but is payable in period t+1.  Thus, the reduction in the cost of debt caused by an increase in the capital stock needs to be discounted by two periods, because it effects the cost of debt two periods hence.

Also, note that an increase in the price of capital goods in this context acts to reduce the cost of capital, because it increases the nominal value of the capital stock and thus reduces the financial leverage of the firm as we have defined it.

The tax rates in this component of the cost of capital expression simply capture the idea that – due to the deductibility of interest – any savings the firm makes on interest are net of tax.  Further, due to the transfer of tax credits resulting from dividend imputation, any company tax savings made on interest deductions are passed on dollar for dollar to the shareholder who then benefits from the after personal income tax value of this saving.

It is important to remember that this term relates to decisions regarding debt that are made in period t+1.  Our analysis of the firm’s cheapest financing sources showed that this firm will retain unfrankable earnings and issue equity before it resorts to a bond issue, given the conditions it faces in period t.  The change in the capital stock in period t will impact on the cost of bonds issued in period t+1 by effecting the interest rate it pays to service this debt in period t+2.  Therefore, while at first glance it might seem inconsistent to say that the firm will not issue debt but still enjoys a benefit from an increase in its capital stock due to a fall in the cost of its debt, an appreciation of the timing issues inherent in this model solves this conundrum.  Further, if the firm does not issue debt in period t+1, 
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 takes the value zero and the whole term vanishes.

Finally, consider what would occur if we imposed some growth on this firm.  As the firm retains earnings and issues equity to finance growth in its capital stock, its financial leverage continually declines and its potential cost of debt falls.  Once it falls far enough, the firm will choose to issue debt rather than equity and the process reverses itself.  Thus, we could see the firm issue both debt and equity as the dynamic consequences of its financial policy flow through into the cost of debt.

6.  Concluding Remarks

In this paper we have outlined the theoretical underpinnings of two approaches to incorporating business taxation into an investment problem for a corporate enterprise.

The first and simpler method allows us to analyse the role of taxes and allowances on the value of the firm, assuming that its investment decisions and before-tax profit streams are given.  That is, we can use equation (9) independently to determine the outcomes of business tax changes.  We saw that the interplay between taxes and the value of the firm can be quite complex, especially when we apply a dividend imputation system and a realisation-basis CGT system.  Understanding the impact of a policy shift on the value of the firm enables us to infer something about the required rate of return on investment and, thus, the level of investment undertaken.

The second tells us something about investment and the cost of capital to the firm under optimising assumptions.  We set up a constrained optimisation problem and solved for the optimal level of investment and its associated cost, as well as the levels of all of its choice variables.  In this way, we determine the optimal level of investment to maximise the firm’s value to its shareholders, and generate an expression that tells us how the tax system effects the cost of funds to the firm.  Compared to the first approach, this allows us to actually maximise the value of (9) and then generate a time path for investment.  For applied CGE modelling, this second method has more intuitive appeal.

Appendix 1.  List of Symbols

V
Total value of the firm.

VO
Value of pre-existing equity.
VN
Value of new share issues.
(
Personal income tax rate.

(
Company tax rate.

(
Tax credits available on dividends for tax paid at company level(rate of imputation).

(
Payroll tax rate.

c
Effective capital gains tax rate.

(
Proportion of capital gains that are taxable.

(
Rate of share realisations.

(
Dummy variable on inflation index for capital gains tax. 

(
Inflation rate.

(
Rate of real economic depreciation.

(
Capital allowances – depreciation and capital expenditure.

B
Debt issues.

r
Interest cost of debt issues.
b
Parameter determining the shape of the upward sloping supply curve for debt – higher value 
act to focus in investor reactions into relatively large values of rt.

s
Parameter that scales the impact of changes in the firm’s leverage on the cost of debt.

i
Cash rate.

p
Price of firm’s output (producer’s price).

(
Parameter for setting (constant) own-price elasticity of firm’s product demand curve, equal to 
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K
Firm’s effective total usage of capital, .

q
Asset price of capital.

Q
Firm’s intermediate good usage.

P
Price of intermediate goods (purchaser’s price).

L
Firm’s labour usage.

w
Nominal wage rate.

Y
Level of firm’s output.

A
Efficiency parameter (all primary factor technical change) on firm’s CES production function.

(
Parameter for setting (constant elasticity) of substitution in firm’s CES production function.

a
Distributional factor denoting input shares in firm’s CES production function.
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� Think of the terminal period as the period in which the shareholder realises his entire holdings or the firm is closed down and its assets liquidated.


� See Appendix 1 for al list of all symbols used in this paper.


� Note that (t represents the discount factor for a single period t, while (t denotes the present value of all future depreciation and investment expenditure allowances applicable to an asset in period t.


� As mentioned previously, the capital gains tax acts like a current period tax on future periods’ income.
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